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Problem solving in physics is not simply a test of understanding
the subject, but is an integral part of learning it. In this book, the
basic ideas and methods of quantum mechanics are illustrated by
means of a carefully chosen set of problems, complete with
detaijled, step-by-step solutions.

After a preliminary chapter on orders of magnitude, a variety
of topics are covered, including the postulates of guantum
mechanies, Schrddinger’s equation, angular momentum, the
hydrogen atom, the harmonic oscillator, spin, time-independent
and time-dependent perturbation theory; the variational method,
identical particles, multielectron atoms, transitions and scatter-
ing. Most of the chapters start with a summary of the relevant
theory, outlining the required background for a given group of
problems. Considerable emphasis is placed on examples from
atomic, solid-state and nuclear physics, particularly in the latter
part of the book as the student’s familiarity with the concepts and
techniques increases. _

Throughout, the physical interpretation or application of the
results is highlighted, thereby providing useful insights into a
wide range of systems and phenomena. This approach will make
the book invaluable to anyone taking an undergraduate course in
quantum mechanics.
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Preface for the reader

I'he problems in this book are intended to cover the topics in an average
second- and third-year undergraduate course in Quantum Mechanics.
Afller a preliminary chapter on orders of magnitude, there are eight
¢hapters on topics arranged in a fairly conventional order. The tenth and
final chapter contains a selection of miscellaneous problems on the topics
of the previous chapters. I have separated them from the others on the
grounds of their being somewhat longer and perhaps more difficult. But
you should not be deterred from trying them on that account.

The important thing for all the problems is that you do attempt them. If
you attempt a problem, and think about it, but cannot solve it, and fhen
look up the solution, you will get much more benefit than if you jump to
the solution as soon as you have read the problem. If you can solve a
problem, you are still advised to look at the solution, which might contain
a quicker or neater method than the one you have used. (If yours is
(uicker or neater I shall be pleased to hear from you.) I have also
included some comments at the ends of some of the solutions, which you
may find useful. They relate, either to the algebraic technique, or, more
commonly, to a physical interpretation or application of the result.

At the beginnings of Chapters 2 to 9, 1 have included sections entitled
Summary of theory, and you should read the summary before trying the
problems in the chapter. The summary has a two-fold object. One is to
introduce the notation, and the other is to inform you what you need to
know before you attempt the problems. The results are quoted without
proofs, which it is assumed you will obtain in your lecture course.

The equations are numbered independently in each solution and
summary. A single equation number refers to the equation within the
current solution or summary. An equation in another solution is referred
to by a triple number, e.g. (5.7.3) is equation 3 in the solution to Problem
5.7. Reference from outside to an equation in a summary is made by a
double number, so (4.8) is equation 8 in the summary for Chapter 4.
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Numerical values

Values of physical constants

npeed of light c =2.998 x 10° ms~!
permittivity of vacuum g = 1/uyc? = 8.854 X 1072 Fm™!
I"lnnck constant h = 6.626 x 107 Js
hoo=hpm = 1.055 X 107 J s
slementary charge e =1.602 x 107¥ C
I3oltzmann constant kg =1.381 x 1072 JK!
Avogadro constant N4 = 6.022 x 10*® mol™!
muss of electron M, =9.109 x 107> kg
mass of proton my = 1.673 x 1077 kg
mass of neutron m, | =1.675 x 107 kg
#lomic mass unit m, =1073/N, = 1.661 X 107 kg
Bohr radius ay = 4neh?fem, =5.292 x 107U m
Rydberg constant R. = hfdAncm.al = 1.097 x 10" m™"
fine structure constant « = e?/Amgych = 7.297 x 1073
Bohr magneton tg = ehf2m, =9274 x 107 JT!
nuclear magneton iy = eh/2m, =5.051 x 1074 JT!

The values of the physical constants given above are sufficiently precise
for the calculations in the present book. In fact, these constants are
known with a fractional error of 107 or less, apart from the Boltzmann
constant where the fractional error is about 107°. A list of the values of
the fundamental physical constants which are the best fit to the results of
a variety of precision measurements has been prepared by Cohen and
Taylor (1986).




2 Numerical values

Problems

The values of physical constants are given on p. 1. The answers to
Problems 1.1 to 1.7 should be given to 3 significant digits.

1.1 The ionisation energy of the hydrogen atom in its ground state is
E,,; = 13.60 ¢V. Calculate the frequency, wavelength, and wave number
of the electromagnetic radiation that will just ionise the atom.

1.2 Atomic clocks are so stable the second is now defined as the
duration of 9192631770 periods of oscillation of the radiation corre-
sponding to the transition between two closely spaced energy levels in the
caesium-133 atom. Calculate the energy difference between the two levels
ineV,

1.3 A He-Ne laser emits radiation with wavelength A = 633 nm. How
many photons are emitted per second by a laser with a power of 1 mW?

1.4 In the presence of a nucleus, the energy of a y-ray photon can be
converted into an electron-positron pair. Calculate the minimum energy
of the photon in MeV for this process to occur. What is the frequency
corresponding to this energy?

[The mass of the positron is equal to that of the electron.]

1.5 If a dc potential V is applied across two layers of superconducting
material separated by a thin insulating barrier, an oscillating current of
paired electrons passes between them by a tunnelling process. The
frequency v of the oscillation is given by Av = 2eV. Calculate the value
of v when a potential of 1V is applied across the two superconductors.

1.6 (a) The magnetic dipole moment g of a current loop is defined by
u=1IA,

where I is the current, and A is the area of the loop, the direction of A
being perpendicular to the plane of the loop. A current loop may be
represented by a charge e rotating at constant speed in a small circular
orbit. Use classical reasoning to show that the magnetic dipole moment of
the loop is related to L, the orbital angular momentum of the particle, by

where m is the mass of the particle.
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(b) If the magnitude of L is A (= h/27), calculate the magnitude of u
for (i) an electron, and (ii) a proton.

1.7 Calculate the value of the magnetic field required to maintain a
stream of protons of energy 1 MeV in a circular orbit of radius 100 mm.

1.8 Neutron diffraction may be used to determine crystal structures.

(a) Estimate a suitable value for the velocity of the neutrons.

(b) Calculate the kinetic energy of the neutron in eV for this velocity.

(c) 1t is common practice in this type of experiment to select a beam of
monoenergetic neutrons from a gas of neutrons at temperature 7.
Estimate a suitable value for 7.

1.9 The most accurate values of the sizes of atomic nuclei come from
measurements of electron scattering. Estimate roughly the energies of
electrons that provide useful information.
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Solutions

1.1 The ionisation energy of hydrogen in the ground state is
Ein = 13.60eV =2.18 X 107187,
The frequency of the radiation that will just ionise the atom is

E ion __

V=== 3.29 x 10% Hz,

The wavelength A and wavenumber ¥ of the radiation are

A= -CV- =9.12 X 10 ¥ m,

Y= =110x%x 10" m™.

i

1.2 The energy difference between the two levels is
AE =Y =380 x 10 eV.
1.3 The energy of each photon is

= he

E=—

where
A =633 x 10" m.

The power of the laser is
P=1mW,

The number of photons emitted per second is

(D)

)

()

(4)

(1)

(1)

)

3)

(4)

1.4 (a) The minimum energy E;, of the y-ray photon required for the
production of an electron and a positron is equal to the sum of the rest
mass energies of the two particles. The mass of the positron is equal to

m., the mass of the electron. So the required value is
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2m.c*
Em‘in == g .
10%¢

(b) The frequency v corresponding to this energy is

= 1.02 MeV. (1)

2mec?

V= 7

= 2.47 x 10% Hz. )

1.5 The frequency of oscillation v of the current is given by

hv = 2¢eV. (1)
For V = 1 volt, the frequency is

v =484 x 10" Hz. (2)
By measuring the frequency we can deduce the value of the applied
voltage from (1). The phenomenon provides a high-precision method

of measuring a potential difference — see Solution 8.10, Comment (2) on
p. 178.

1.6 (a) Denote the radius of the orbit by a, and the speed of the
particle by v. Then the period of revolution is 7 = 2ra/v. The current due
to the rotating charge is

I il e _ (1)

The magnetic dipole moment is

U= IA = ~2-e—7ﬁl—ﬂa2 = %e.-ua. (2)

The orbital angular momentum is

L = mav. (3)
Therefore
=L -

The vector form follows because, for positive e, the quantities # and L
are in the same direction.

(b) For L = h, the magnetic dipole moment of a circulating electron is

eh

=9, b Y —24 ~~1 )
o = 928 X 107 T, )

Me =
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while, for a circulating proton, it is

, = eh 5.05 X 1077 1171, (6)

2mp_.

Comments

Although the result in (4) has been derived by classical reasoning for the
special case of a charge moving in a circular orbit, it is valid for orbital
motion in general in quantum mechanics. A particle, such as an electron
or a proton, in a stationary state does not move in a definite orbit, nor
does it have a definite speed, but it does have a definite orbital angular
momentum, the component of which in any direction is of the form nh,
where n is an integer, positive, negative, or zero. Thus # may be regarded
as a natural unit of angular momentum. Since magnetic dipole moment
and angular momentum are related by (4), the component of magnetic
dipole moment of an electron, due to its orbital motion, has the form
nug, where

_ _¢h -
M= om. (7)

Thus pg, known as the Bohr magneton, is the natural unit of magnetic
dipole moment for the electron. Similarly the quantity

Un = “2"‘;‘:—;," (8)
known as a nuclear magneton, is the natural unit of magnetic dipole
moment for the proton.

The simple relation in (4) between. magnetic dipole moment and
angular momentum does not apply when the effects of the intrinsic or
spin angular momentum of the particle are taken into account. However,
it remains true that the magnetic dipole moments of atoms are of the
order of Bohr magnetons, while the magnetic dipole moments of the
proton, the neutron, and of nuclei in general, are of the order of nuclear
magnetons.

1.7 If the velocity of the proton is v, the Lorentz force acting on it, due
to the magnetic field B, is ¢[v X B]. The force is perpendicular to the
instantaneous direction of motion and to the direction of B. Thus the
protons move in a circle, the plane of which is perpendicular to B.
Equating the force to the mass times the centripetal acceleration for
circular motion, we have
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Bev = —L—, (1)

where ¢ is the radius of the circle. Whence

myv _ (2m,E)"?
ea ea

B =

)

Inserting the values of the constants, together with £ = 10° eV = (10%) J,
and @ = 0.1 m, gives

B =1.45T. (3)

1.8 (a) To obtain information on the crystal structure, neutrons are
diffracted by the crystal in accordance with Bragg’s law

nA = 2dsin 6. (1)

(This is the same law that governs the diffraction of X-rays.) In this
equation, A is the wavelength of the neutrons, d is the distance between
the planes of diffracting atoms, 6 is the glancing angle between the
direction of the incident neutrons and the planes of atoms, and # is an
integet (usually small). The equation cannot be satisfied unless A < 2d.
On the other hand, if A < 2d, 0 is inconveniently small. So it is necessary
for A to be of the same order as d, which is of the order of the interatomic
spacing in the crystal. Put A = d = 0.2 nm (a typical value),
The de Broglie relation between A and the velocity v of the neutron is

S o
where m,, the mass of the neutron, is 1.675 X 107* kg. Thus
p=—""_ =20kms™. 3)
myA ) ‘
(b) The kinetic energy of the neutrons is
> =im 2 =33 %102 =20meV (4)

for the above velocity.

(c) Put E = kgT. Then the above value of E corresponds to 7 = 240 K,
which is of the order of room temperature. Such neutrons are readily
available in a thermal nuclear reactor; they are termed thermual neutrons.

1.9 The electrons scattered by nuclei show diffraction effects character-
istic of the radius r of the nucleus, the value of which lies in the range
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1-6fm (1fm = 10" m). As in Problem 1.8, measurable effects require
that the wavelength A of the electron should be of the order of r. Thus
the momentum p of the electron should satisfy

h _h

=2 ~ 2 =13X o | :
p R 1.3 X 107" kgms™, (1)
for r = 5 fm. This value is very much larger than
mec =27 X 1002 kgms™1, @)

whel_fe m, is the rest mass of the electron, which shows that the electrons
required for the measurements are highly relativistic.

The energy E of the electrons is related to their momentum p by
_ ©
Since p » m.c, we can neglect the first term on the right-hand side of
(3). Thus

E = pc = 4.0 x 1071 J = 250 MeV. @

2 204 L 202
E* = mg* + p°c”.

The value obtained for E clearly depends on the value taken for r. If E is
in MeV, and A (=r) is in fm, you may verify that, for the highly
relativistic case,

Ed~10° x 1 = 1240. (5)
e
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Fundamentals

Summary of theory

1 What you need to know

Definitions and properties

Operator, linear operator, functions of operators, commuting and non-
commuting operators, eigenfunction, eigenvalue, degeneracy, normalised
function, orthogonal functions, Hermitian operator.

2 Postulates of quantum mechanics

(1) The state of a system with n position variables g, g3, ... g, is
specified by a state (or wave) function ¥(qi, ¢, . .- g,). All possible
information about the system can be derived from this state function. In
general, nis three times the number of particles in the system. So for a
single particle n = 3, and g,, ¢;, g; may be the Cartesian coordinates x,
y, z, or the spherical polar coordinates r, 8, ¢, or some other set of
coordinates.

(2) To every observable there corresponds a Hermitian operator given
by the following rules:

(i) The operator corresponding to the Cartesmn position coordinate x is
x X - similarly for the coordinates y and z.

(i) The operator corresponding to p,, the x component of linear
momentum, is (#/i)3/3x — similarly for the y and z components.

(iii) To obtain the operator corresponding to any other observable, first
write down the classical expression for the observable in terms of x,
¥s %, Px» Py P, and then replace each of these quantities by its
corresporiding operator according to rules (i) and (ii).

(3) The only possible resuit which can be obtained when a measure-

ment is made of an observable whose operator is A is an eigenvalue of A.

(4) Let « be an observable whose operator A has a set of eigenfunc-
tions ¢; with corresponding eigenvalues ‘a;. If a large number of

9




10 Fundamentals

measurements of « are made on a system in the state v, then the
expectation value of a for the state ¢ (i.e. the arithmetic mean of the
eigenvalues obtained) is given by

(A) = f y*Aypdr, )

where dt is an element of volume, and the integral is taken over all space.

(5) If the result of a measurement of « is a,, corresponding to the
eigenfunction ¢,, then the state function immediately after the measure-
ment is ¢,.

This means that in general a measurement changes or disturbs the state
of a system. The set of measurements referred to in the 4th postulate are
all made on the system in the same state 1. It is in general necessary to
manipulate the system after each measurement to return it to the state y
before the next measurement is made,

(6) The time variation of the state function of a system is given by

dy _ )

where H is the operator formed from the classical Hamiltonian of the
system.

Note on Postulate 2 (iii)

If the classical expression for an observable contains a product & whose
operators A and B do not commute, then the operator corresponding to
af is 2(AB + BA). Examples of this are rare.

3 Basic deductions from the postulates

(a) Probability of result of measurement

Discrete eigenvalues. Suppose the eigenvalues a; of A in postulates 4 and
5 are discrete, and that the state function 1 and all the eigenfunctions ¢;
of A are normalised. To find the probability p, that the result of a
measurement of the observable « is a particular a,, expand ¥ in terms of
the ¢;, i.e. put

= 269 3)
J
Then
P = '.Crlz- (4)

The coefficient c, is obtained from
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¢ = [gryde. 5)

If the coefficients ¢; are known, a convenient expression for the
expectation value is

(A) = zpjaj = Z‘CfIQGj" (6)
J J

Continuous eigenvalues. Let y be an observable whose operator G has
eigenvalues k which form a continuous spectrum, i.e. any real value k is a
possible result of a measurement of y. For simplicity we. give the results
for the one-dimensional case for a system consisting of a single particle.
Denote the eigenfunctions of G by ¢(k, x). The expansion of ¥(x) in
terms of ¢(k, x) is not a sum as in (3), but an integration which we write
in the form

¥(x) = j g(k)p(k, x) dk. (7)

The significance of the function g(k) is similar to that of the coefficients
¢; in the previous section. Specifically, |g(k)[*dk is equal to the
probability that, if the observable y is measured, the value obtained lies
in the range & to k + dk.

Linear momentum. An important example of an observable whose
operator has continuous eigenvalues is linear momentum. The eigenfunc-
tions of the operator p, are

¢(k, x) = cexp (ikx), (8)
with eigenvalues A k; ¢ is a constant. For linear momentum (7) becomes
W(x) = ¢ f g(k)exp (ikx) dk. 9)

This equation shows that, for linear momentum, g(%) is proportional to
the Fourier transform of y(x). The function g(k) is obtained from y(x)
by the relation

g0 [ yexp(-ikrydr, (10)

which follows from (9) by the theory of Fourier transforms. An account
of this theory will be found in Mathews and Walker (1970), p. 101. The
constant of proportionality in (10) is fixed by the requirement that
lg(k)|*dk be equal to the probability of finding k in the range k to
k + dk, and therefore

[ letodc=1. (11)
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(b) Time variation of state function

Suppose a one-dimensional system has a Hamiltonian H that does not
vary with time. Then, if the state function 1(0) at time ¢ = 0 is known,
the function at a later time ¢ is given by

W(t) = Zc,-u_,- exp (—iEjt/h), (12)
!

where u; is an eigenfunction of H with energy E;, and the coefficients ¢
are given by

G = fiu;-"zp(ﬂ) dr. (13)

The state function and the eigenfunctions are assumed normalised.

These results are for discrete energy values, If the eigenvalues E; of the
Hamiltonian have a continuous spectrum, with corresponding elgenfunc-
tions u,, the equations become

Yix, t) = Ji.g.(k)uk exp (—iE,t/h) dk, (14)

where

e

s(k) = [ uly(x, 0)dx. (15)
(c) Time variation of expectation value of observable
The time variation of the expectation value of an observable with
operator A for a system in the state 1 is

dt_(A) | ¥ (AH — HA)ydr = Tf—z<AH HA). (16)

The result assumes that the operator A does not vary with time

4 Gaussian function

The function f(x) = exp {~(x — X)*/20%}, specified by the two constants
X and o, is known as a Gaussian. It 1S a function symmetrical about
x = X, with its maximum value at x = X, and which decreases rapidly to
zero as |x — X| becomes large compared to o. It is often convenient to
represent the wave function y(x) by a Gaussian. The following mathe-
matical results hold for the function. (We put X = 0 for simplicity.)
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%0

f exp (—x%/20%) dx = V/(2r)o, (17)

f T exp (—x*/20%)dx = \/(27)0". (18)

The Fourier transform of the function exp (—~x?/4A%) is

0

g(k) < [ exp (~x?/4AY) exp (~ikx)dx

o é‘xp'(— k*A?). (19)

The last result, which is derived in Mathews and Walker (1970), p. 106,
shows that the Fourier transform of a Gaussian function is itself a
Gaussian,
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Prol_)lems

2.1 ¢, and ¢, are normalised eigenfunctions corresponding to the same
eigenvalue. If

[¢i2dv=d,

where d is real, find nor_mali‘sed linear combinations of ¢, and ¢, that are
orthogonal to (a) ¢y, (b) ¢ + ;.

2.2 An operator A, corresponding to an observable «, has two
normalised eigenfunctions ¢; and ¢,, with eigenvalues g; and a,. An
operator B, corresponding to an observable 3, has normalised eigenfunc-
tions x; and y,, with eigenvalues b, and b,. The eigenfunctions are
related by

¢ = (20 + 30)/V13, ¢ =(GBx - 20)/V13.

« is measured and the value a; is obtained. If f is then measured and
then a again, show that the probability of obtaining a, a second time is
97/169.

2.3 A particle moving in one dimension has a state function

WY(x) = exp (—x2/4A%),

1
(27TA2)1/4

where A is a constant. Show the following.
(a) The state function is correctly normalised.
(b) The probability that the particle has linear momentum in the range
ptop+dpis P(p)dp, where
__ 2\ A |
P(p) = (—7;) = exp (~2p?A%/1?).

(c) The product of the uncertainties in position and momentum has the
minimum value allowed by the uncertainty principle.

2.4 Show that, for the wave function

Y(x) =1/VQ2a) |x|<a,
=0 x| > a,
the uncertainty in the momentum is infinite.

2.5 For a system of particles of mass m in the state i, the formal
expression for the particle flux vector (number per unit time through unit
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arca perpendicular to the direction of motion) is
_ h o ihversod ik
F = ——(y*grad y — ygrad y").

Show that, for a beam of free particles moving with velocity v in one
dimension, the expression gives

F = v X density of particles.

2.6 A free particle travelling in one dimension is represented by the
wave

Yy = Aexp{i(kx — wi)}.

(a) Calculate the group velocity g of the wave using non-relativistic
mechanics, and show that it equals the particle velocity v.

(b) Show that the same result holds for relativistic mechanics.

(c) Show that the relation between the phase velocity u and.the group
velocity g of the wave is |

u = g/2 for non-relativistic mechanics,
and
u=c’/g for relativistic mechanics,

where ¢ is the speed of light.,

2.7 TFor a certain system, the operator corresponding to the physical
quantity A does not commute with the Hamiltonian. It has eigenvalue a,
and a;, corresponding to eigenfunctions

Py = (uy + ux)/V2, , = (uy ~ u“z)\/2=

where u; and u, are eigenfunctions of the Hamiltonian with eigenvalues
E, and E,. If the system is in the state y = ¢, at time ¢ = 0, show that
the expectation value of A at time ¢ is

a, + a; a, — day (El - Ez)t

(A) = 5 + 57— cos 7

2.8 (a) At time r=0, the state function of a free particle in a
one-dimensional system is

W(x, 0) = cexp (—x*/4Ay),

where ¢ and Ay are constants. Show that A,, the uncertainty in position at
time ¢, is given by
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A% = Al + (Av)?22,
where Av is the uncertainty in the velocity at ¢ = 0.

(b) How does the uncertainty in velocity vary with time?

2.9 The one-dimensional motion of a particle of mass m in a potential
V(x) is represented by the state function ¥(x, ¢).

(a) Prove that the time variations of the expectation values of position
and momentum are given by

L= oim, 4o = ~(4F),

(b) Explain the physical significance of these results.
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Solutions

2.1 (a) Let c;¢, + c2¢, be the linear combination that is orthogonal to
. Then, since ¢, is normalised,

f DF(C1dy + Cry)dT = ¢, + cyd = 0. )

'Therefore ¢;/c, = —d.
The separate values of ¢, and ¢, are obtained from the requirement
that ¢;¢, + c,¢, be normalised. Take c; and ¢, to be real. Then

J'(lef’l + ) (11 + o) dT = cf + ¢; + 2deyc; = 1. (2)

Egs. (1) and (2) give

_ d - _ 1 p
“TVa-ay T TVa-a 2

(Alternatively the signs of both ¢; and ¢, may be reversed.) So a solution
with the required properties is

(doy — ¢)/V(1 — d?). (4)

Notice that ¢, and ¢, do not have to be real. We may multiply both the
expressions in (3) by exp(id), where & is any real number, and the
resulting expressions for ¢; and c, are a valid solution. This corresponds
to the fact that if f is normalised and orthogonal to g, so is exp (i6) f.

(b) Let c;¢; + c,¢» be normalised, and orthogonal to ¢, + ¢,. The
orthogonality condition gives

[ 91+ ) (11 + caa)dr = (¢ + )1 + ) = 0. )
Therefore ¢; = —c¢,. The normalising condition gives (2) as before. From
(2) and (5) we find that

(61 — &2)/V(2 ~ 2d) (6)

has the required properties.

2.2 After a measurement of « which gives the result a,, the system is in
the state y» = ¢;. If B is now measured, the probabilities of obtaining the
values b, and b, are given by expanding ¢, in terms of x;, and yx, the
eigenfunctions of the operator B. If




18 Fundamentals

O = 1) + X (1)

then the probability of the measurement of 8 giving by is |c|%, and of
giving b, is |c,/2. The expansion in (1) is already given in the problem
with

2 3
€= \/13’ €2 = \/13 @)
Suppose the result of measuring f is b;. The system is now in the state
X1, and the probabilities of obtaining the values a; and a, when the
observable « is measured again are given by expanding x; in terms of ¢
and ¢, the eigenfunctions of the operator A. From (1) and the relation

¢ = )i — €1X2s (3)
we obtain
X =chp+cpy, Xo=cr— c1¢s. , 4)

Thus when the system is in the state X1, the probability that a
measurement of & gives the result a; is c}. So the probability that, from
an initial state ¢1, successive measurements of 8 and « yield the values
by, a; is c1 Similarly the probability of the same pair of measurements
yielding the values b5, a, is cg

The total probability of obtaining the value ¢, from the second
measurement of & is thus

97
165 ©)

ci+ch=
Comment
Note that, if the functions y; and y, are orthogonal, then the functions

Pr=cat o)y and ¢ =diyy+ dyp (6)
are orthogonal if

c1df + cydf =0, (7)
a condition which is satisfied by the coefficients in (1) and (3). It is part of
the postulates of quantum mechanics that the operators corresponding to
physical observables are Hermitian, and it is a mathematical result that
the eigenfunctions of a Hermitian operator corresponding to different

eigenvalues are orthogonal, The present problem has been constructed to
satisfy this eondition.
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2.3 (a) The result follows from (2.17)
fm ppdr = (L) L7 exp(—x?/28%)dx = 1 (1)
— 2r ] Al_s P! ' ' '

(b) We use the results in Section 3(a), p. 10. The probability that the
particle has momentum p to p + dp is

P(p)dp = [g(k)|* dk, (2)
where g(k) is given by (2.10). Inserting the expression for y(x) in (2.10)
and using the result (2.19), we obtain

g(k) = [ exp(~x*/4A) exp (~ikx)dx

o e;(p' (—k2A?). 3)
Put :
glk) = cexp (—k°A%), (4)

where c is a constant, the value of which is found from (2.11). We have
j |g(k)Pdk =1

o

= c'zj exp (—2k*A?) dk

I |
= vz 7)—— ]
¢ (2m)o )
The last step follows from (2.17), with x replaced by k, and o = 1/(2A).
From (4) and (5)

1
)

The momentum p is related to the wave number k& by p = Ak. Thus,
from (2) and (6),

g(k) = (2A)2 exp (—k*A?). (6)

- 12
P = 807 S5 = (2] R exp (2028 )

(c) The uncertainties in position and wavenumber are, by definition, the
standard deviations of the functions |y(x)> and |g(k)|* respectively. We
can see from (2.17) and (2.18) that the standard deviation of the function
exp (—x2/20%) is 0. The expressions for |y(x)[* and |g(k)|* are

1

WX exp (-——x-"‘/ZA?), (8)

lp(x))? =
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g(k)P = (T%mm exp (~2k2A%). ©)

|w(x)|* is a Gaussian centred on x =0, with standard deviation A,
Similarly |g(k)|? is a Gaussian centred on k = 0, with standard deviation
Ak =1/(2A). The uncertainty in position Ax is therefore A, and the
uncertainty in the momentum is

h

= =1 10
Ap = hAk A (10)
Therefore
AxAp = 2. (11)
Comment

Eq. (11) is a form of the uncertainty principle for position and
momentum. We shall see in Problem 10.1 that the uncertainty principle
has the general form

"
AxAp = =
We have proved here that the equality holds for a (raussian state
function, and the solution to Problem 10.1 shows that it holds only for
this function.

Notice how the uncertainty principle is built into the theory. Firstly,
associating the operator (%/i)3/0x with linear momentum (which may
seem somewhat arbitrary) leads directly to the result that a particle with
momentum p is in a state represented by the sinusoidal wave exp (ikx),
where

(12)

p = hk. (13)

The wave number k is equal to 27/A, where A is the wavelength of the
wave. Thus (13) is equivalent to
h

= 14

P== (14)

which is the de Broglie relation between linear momentum and wave-

length. The fact that this fundamental relation must be satisfied may be
regarded as governing the choice of operator for linear momentum.

Secondly, the postulates lead to the result that the momentum function

g(k) is the Fourier transform of the state function ¥(x). Look at (2.9), It

says that the function y¥(x) may be represented by the ‘sum’ of a set of
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sinusoidal waves exp (ikx). The ‘sum’ is of course an integral, that is to
say, the set contains an infinite number of waves with continuously
varying wavenumber k. The quantity g(k), which is in general complex,
gives the amplitude and phase of the wave exp (ikx). By suitable choice
of the function g(k) we can reproduce any function y(x) — provided it
satisfies certain mild conditions, which all ys representing actual physical
states in fact do.

If we decide we want to know the position of the particle more
precisely, we need a more sharply peaked function 4(x). But the Fourier
transform g(k) of such a function contains a greater range of k values,
i.e. g(k) becomes broader or less sharply peaked. So, as Ax, the
uncertainty in the position, decreases, Ak, and hence Ap, the uncertainty
in the momentum, increases. This is clearly seen in the above analysis for
the Gaussian function where Ak is proportional to 1/(Ax),

2.4 We again need to calculate the function g(k). For the wave function
of the problem, (2.10) gives

g(k) e J’:clp(x) exp (—ikx) dx
o J’ ’ exp (—ikx)dx
= L {exp (ika) - exp (-ika))

m%mm‘ 1)

The square of the standard deviation Ak of the function |g(k)* is
proportional to

o

ﬁmifﬁﬁ(MQHdk,

which is infinite. Therefore, the uncertainty in the momentum Ap = Ak
is infinite. The uncertainty in position Ax is clearly not zero. (It is readily
shown to be a//3.) So the product of the uncertainties in position and
momentum is infinite.

Comment

The fact that Ak is infinite for the top-hat wave function comes from the
fact that, to reproduce the infinitely sharp edges of this function, Fourier
components with very high wavenumbers are needed. The resulting g(k)
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tends to zero as k tends to +oo, but not sufficiently fast to give a finite
standard deviation for |g(k)|®. A wave function y(x) may be realised
physically by passing a stream of particles through a screen with an
appropriate transmission function. No physical screen has a transmission
function that changes discontinuously in the mathematical sense, which is
the required characteristic for the top-hat function, so in practice Ak
would not be infinite.

2.5 In one dimension the expression for the flux is

- dy _ Ay
F (w* 1/’ dx: )‘ (1)

2im

The wave function of a beam of free particles of density p, moving with
velocity v is
P(x) = A exp (ikx), (2)
where
= |AP, and k= mo/h. (3)

Substituting (2) into (1) gives

F = —|A]2 = v X density of particles. “)

This result is to be expected. If the particles have density p and velocity
v, the number of particles passing through unit area in unit time is equal
to the number in a cylinder of unit cross-section and length v, which is
equal to vp.

2.6 (a) The relations between momentum p, wavenumber k, energy E,
and angular frequency w are

p = hk, (1)
2 2

=P N :

E T .ka : hw. (2)

The first equation in (2) is the non-relativistic relation between E and p.
Thus

h
w =5k 3)

The group velocity g is given by
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~—-4=—_;-=_——U, (4)

where v is the velocity of the particle.
(b) The relativistic relation between E, p, and rest mass m, i$

E? = p*c® + (mo_c’z)z_ 5)
Therefore

no? = B2 k*c? + (myc?),
whence

2 wdw = 2k ke dk. (6)
As before

_do _ ké® _ hké® _ pct
g dk ) hw mc?

= p. (7)

In this equation we have used the result E = #iw = mc?, where m is the
relativistic mass of the particle.

(c) The phase velocity is given by

W
- (8
U= ®)
For the non-relativistic case, we have, from (2),
=0 _hk _ g -
" kK 2m 2 ©)
For the relativistic case, we have from (7)
2
W ¢
= — = 10
u=g=" (10)
Comments

(1) The group velocity g is the velocity of the wave packet that represents
the position of the particle. So it must equal v, the classical velocity of the
particle.

(2) Normally, a relativistic result in physics tends to the corresponding
non-relativistic result as the velocity involved becomes small compared to
the speed of light. This is clearly not the case for the two expressions for
the phase velocity u in (9) and (10). The reason is that the expression for
the energy in (5) includes the rest-mass term mgc?, whereas that in (2)
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does not. There is always an arbitrary zero in the definition of the energy
of a material particle, The values of the frequency and the phase velocity
of a de Broglie wave are similarly arbitrary; they cannot be determined
experimentally.

2,7 The state function at time ¢ is obtained by first expressing the state
function at ¢t =0 in terms of the eigenfunctions ; of the Hamiltonian,
which in this case is

¥(0) = (ur + ur)/V2, (1)
and then multiplying eéach u; by the phase factor exp(—iw;), where
fl_(l)_j = E]u Thus

Y(t) = {uyexp (—iwg ) + upexp (—iw,t)}/y2 )

_ . + u, Uy — Uy
=01 \/2 + ) \/2

The last expression is an expansion of i in terms of the eigenfunctions of
A. Then the expectation value of A is

(A) = |ci|ay + |cya,. 4)

©)

The values of ¢; and ¢, are obtained by equating the coefficients of #, and
U, in (2) and (3), which gives

1 + ey =exp(—iwyt), ¢ — c; =exp(~iwt), (5)
whence

¢y = 3{exp (~iwit) + exp (—iay1)},

¢ = 3{exp (—imyt) — exp (—iwy1)},

e = 3{1 + cos (@ ~ w1},

|eal? = 3{1 = cos (w; ~ wy)1}. ©)
Substituting these expressions, together with hw; = E;, in (4) gives

(A =ty oo (B = Bt

5 5 P )

2.8 (a) For a free particle of mass m, the eigenfunctions of the
Hamiltonian are u,(x) = cexp (ikx), with energy E; =#*k%2m. (The
constant of proportionality ¢ in the expression for u,(x) is given by the
normalisation condition, and is not needed in the present problem.) Since.
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the eigenvalues of the Hamiltonian are continuous, we use (2.14) to
obtain y(x, t). Thus

Wx, t) = Jl g(k) u(x)exp (—iE,t/h) dk (1)
'« f " g(k) exp (ikx) exp (—ihk?t/2m) dk. @)

To obtain g(k) we puf t = 0in (2), which gives

YCx, 0) o exp(~x2/4A}) = [ g(k)exp (ikex) dk, 3)
whence, from (2.19),

g(k) o exp (—k*Ag). 4)
Therefore

Y(x, t) o< .J_'_w exp {—kz(A% + ;—n—i) } exp (ikx)dk, (5)

i.e. the function (x,t) is (apart from an irrelevant constant of
proportionality) the Fourier transform of the function

exp {—kz(Aﬁ + %)}

But we know that the Fourier transform of ejxp-(—sz?)) is
exp(—x%/4A3). Therefore the Fourier transform of exp (—k2A?), where
A7 = Af + (iht/2m), is exp (—x*/4A}). Thus

. _ 2 1 _
Y(x, t) o« exp (“ JZ a—-f-lg)’ (6)

where a = AJ, and b = ht/2m.
The uncertainty in position at time ¢ is given. by the standard deviation
of the function

") ; \ ' 2
o oxr 1 Yy o X1
[w(x, )] ocexp( 4 a+ib)exp( 4 a~ib)_

cexp(-X 4 ;
-—exp( 5 .a2'+b2)' (7)

Since the standard deviation of the Gaussian function exp (—x2/20?) is o,
the standard deviation A, of |(x, ¢)|* is given by

_ B o HE _
Al=a+—=Aj+-—"F—. 8
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It remains to show that
h
ZMAO
At ¢t = 0, the probability that the particle has wave number & to k + dk is
|g(k)|* dk. From (4)

= Av. 9)

|g(k)[? o= exp (—2k7A)), (10)
which is a Gaussian with standard deviation
. 1 .
Ay = —, 1
= (1)

The velocity v is related to the wave number k by Ak = mv. Therefore
the uncertainty in the velocity at ¢ = 0 is

_h, _ h
Ao = A= (12)
(b) The uncertainty in the velocity Av is defined by
(Av)? = ((v = (0))*) = (v*), (13)

since (v) =0 for the y of the present problem. So the uncertainty in the
velocity is related to the expectation value of the Kinetic energy T by

(T) =3m(v?) = im(Av). (14)

For a free particle, ( T') is constant in time, and therefore so is Av. (For a
different wave function ¥(x, 0), (v) may not be zero, but it would still
remain constant for a free particle. So the conclusion that Av is constant
would still hold.)

The same result may be derived formally. The probability that the
particle has wave number & to k + dk at time ¢ is |g(k, t)]* dk, where

g(k, t) is given by

Yix, 1) = f:o.g(-k, () dk. (15)
Comparing (1) and (15) we see that

gk, 1) = g(k)exp (—1Eg/h). (16)
Therefore

gk, D = [g(k). (17)

So the uncertainty in k, and hence in the velocity, remains constant in
time.
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Comment

The result A% = A} + (Av)?f? has a simple interpretation. At time r =0,
the uncertainty in the position is Ay, and the uncertainty in the velocity is
Av. At a later time ¢, there are two contributions to the uncertainty in
position, namely, the original Ay, and (Av)¢ due to the uncertainty in the
velocity. These contributions are uncorrelated, and the result of the
problem shows that they are combined to-give the resultant uncertainty in
position at time ¢ in exactly the same way as we combine two
uncorrelated errors in a classical measurement.

2.9 (a) We use the results that the expectation value of an observable
with operator A for a system in the state 1 is given by

(A) = f Y* Apdr, (1)

and that, provided A does not vary with time, the time variation of ( A)
is given by

d, . 1, "
3\ 4) = 7 (AH — HA), 2

where H _is- the Hamiltonian operator. Therefore, for the operator
corresponding to position, which is simply (x times), we have

d, «_ 1, .o . -
S (x) = ol = Hy). ©
The Hamiltonian operator has the form
2

The operator x commutes with ¥ (x). Therefore
1 2 »
H — Hx = —xp- —. 2_ ) 5)
x X =5 —(xp* = p’x) (5)
The right-hand side is evaluated starting with the commutation relation

. h .
pPx —xp = T, (6)
and performing some operator algebra, which is the same as ordinary
algebra, except that the order of multiplication for operators must be
preserved. Multiplying (6), first by p on the left and then by p on the
right, and then adding the results gives
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5 _ h
pPx — pxp= Tp ’

. B
pxp — xp* = =P,
whence
L, 2h -
pix ~ xp? = =P (7

From (3), (5), and (7)
d : X
3 (X = (p)/m. (8)
To prove the second relation we put 4 = p in (2). The operator

corresponding to p is (k/i)d/dx. Since p commutes with any power of
itself, we have

d%(p‘) —(pH Hp) = f<pV - Vp) )
- d
= f o (—&—-V 1 )wdr
= J’ w* wdr ‘ (10)
_ _JdVv
- <dx> (1)

At line (10) we have used the result
d . _ d dt/}
(—d—va )V’ (VV’)

_dv . dt/}i_._dtp__.d__V_' _

= -a}—_tjl + Vﬁ}_ Vﬁ_}- = Y. (12)
(b) The significance of (8) is that the velocity of a particle may be
calculated in two equivalent ways. Suppose we have a particle repre-
sented by a well-localised wave packet. The wave packet at successive
times ¢; and £, will appear as shown in Fig. 2.1. The expectation values
(x); and {x), for the two wave functions correspond classically to the
positions of the particle at the two times. So the velocity is given by

(x)2 = {2y

thh— 14

which, in the limit as ¢, — ¢; tends to zero, is d(x)/dt. Alternatively,
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fl t2
|V’(x)|2 )
| |
T i —_— i
| |
[ |
—>x  {x) (x)y

Fig. 2.1. The velocity of a particle may be obtained either from the motion of its
wave packet, as shown in the figure, or from the expectation value of its momentum
at a single time.

from the wave function 1 at a single time we can calculate the expectation
value of the momentum from

(0) = [wpyar ®

Dividing (p) by m gives the expectation value of the velocity, which
must of course equal d(x)/d?, as (8) shows.

Since —dV//dx is the operator corresponding to the force, we have in
(11) the result that the time derivative of the expectation value of the
momentum is equal to the expectation value of the force. If the particle is
well-localised and represented by a narrow wave function, the expecta-
tion values of the operators correspond to the classical limits of the
observables. In other words, (11) corresponds to Newton’s second law,
and is an example of the correspondence principle. This says that
quantum mechanics must produce the same result as classical mechanics
for a system in which the particles can be represented by well-localised
state functions. The result in (11) is known as Ehrenfest’s theorem.
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Schrodinger equation

Summary of theory

1 Time-independent Schrédinger equation

For a one-dimensional system consisting of a particle of mass m moving
in a potential V(x), the Hamiltonian is

1
zmpx

where p, is the momentum of the particle. The first term is the kinetic
energy and the second term is the potential energy, The Hamiltonian
operator is formed from (1) by replacing p, by (h/i) d/dx, and is thus

H = -+ V), | (1)

2 32
H=-14 Ly ' )

If u(x) is an eigenfunction of the Hamiltonian with eigenvalue E, which
in this case is the energy of the system, then

Hu = Eu. 3)
Inserting the expression for the operator in (2) gives
h2-. d2 . .I
(2 ger )= @
i.e.
du | 2m . _

This is the time-independent Schrédinger equation in one dimension.
In three dimensions.

1 N _ .
H=5—(pz+py+p3) + V(x,y,2), (6)
and the Schrddinger equation is

30
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Viu + %?’(E ~ V)u =0, )

where u is a function of x, y, z, and V? is the operator

32 32 3? N
VZ = + + . 8
dxr  dyr 3zt (8)

2 Continuity conditions for the eigenfunctions

'I'he eigenfunction u is continuous everywhere. The derivatives of u, i.e.
On/ox, dufdy, du/dz are continuous everywhere, except where the
potential function has an infinite discontinuity, This cannot happen in an
ncetual physical situation, but it is sometimes convenient to assume it in a
theoretical problem.

3 Parity

(‘onsider a one-dimensional function f(x). If f(x) = f(—x), the function
Is said to have even parity, and if f(x) = —f(—x), it is said to have odd
parity. A function that satisfies neither of these conditions is said to have
mixed parity; it can always be expressed as a sum of two functions, one
with even, and one with odd parity.

If the potential V(x) has even parity, then, if the energy E is
non-degenerate, the solution u(x) of the Schrddinger equation has either
even or odd parity. If E is degenerate, a solution may have mixed parity,
in which case the even and odd parts are separately solutions with the
same 'ene;rg-y E. So we can always find solutions that have a definite
parity.

The same definitions apply in three dimensions when the point r goes
to —r, i.e. if f(x, y,2) = f(—x,—y,—z), the function has even parity;
and so on. If the three-dimensional potential V(r) has even parity, the
above statements hold for the parity of the solutions of the three-dimen-
sional Schrodinger equation.
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Problems

3.1 A particle of mass m moves in a one-dimensional potential which is
zero in the region |x| < a, and infinite outside this region.
(a) Derive expressions for the normalised solutions of the Schrédinger
equation and the corresponding energies.
(b) Sketch the form of the wave functions for the four lowest energies.
(c) What are the parities of the wave functions?
[Notation: k* = 2mE /h*.]

3.2 A particle of mass m moves freely in a rectangular box with
impenetrable walls,

(a) If the dimensions of the box are 2a,, 2a,, 2a,, derive expressions
for the solutions. of the Schrédinger equation and the corresponding
energies. '

(b) What are the parities of the wave functions?

(¢) If a, = a, = a, = a, what are the degeneracies of the two lowest
values of the energy?

3.3 A particle of mass m moves in a one-dimensional potential given by
Vix)=-W |x|<a,
=0 |x| > a,

where W is a positive constant — Fig. 3.1.

region —» 1 2 3
ﬁ P—
E
energy T
W — -
-a a —

Fig. 3.1, Potential function and energy for Problem 3.3.

(a) Show that for a bound state the energy E satisfies the relations
tanja = y/j  for astate of even parity,

cot ja = —vy/j for astate of odd parity,
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where
F=2m(E+ W)/h, and y*=-2mE/n.

(b) Devise a graphical method for determiming the values of E, and
show that, whatever the values of W and a, there is at least one bound
state. _

(c) If the particle is an electron and W = 10eV, a =4 x 107"'m, how
many bound states are there? Sketch the form of the wave function for
the two lowest bound states.

3.4 A stream of particles of mass m and energy E encounter a potential
step of height W(< E) - Fig. 3.2.

region =~ ——= 1 2
E
W _____
energy T
0
0 —2x

Fig. 3.2. Potential function and energy for Problem 3 4.
(a) Show that the fraction reflected is

R = 1-p h’
IL+u/

] 2_:2:m o __ o -~
1= k°="=F, = ——(E — W).
w= 3 = ( )

where

(b) Show that the sum of the fluxes of the reflected and transmitted
particles is equal to the flux of the incident particles.

3.5 Consider the last problem for the case E < W - Fig. 3.3. Put

_2m

k 2
h?

. 2 .
Y2 = ?(W — E).

If the incident particles are represented by exp (ikx), show
(a) that the reflected particles are represented by exp {—i(kx + 26)},
where tan 0 = y/k,
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region ~—— ] 2
W o————
E

energy 1
0

Q0 —»=x

Fig. 3.3. Potential function and energy for Problem 3.5.

(b) that the amplitude of the wave function is 2cos (kx + 8) in region
(1), and 2 cos 8exp (—yx) in region (2).

(c) What is the flux of (i) the incident particles, (ii) the reflected
particles, and (iii) the particles in region (2)?
[Notation: p = y/k.]

3.6 A stream of particles of mass m and energy E is incident on a
potential barrier given by
Vix)=0 x<0 and x> a,
=W 0<x<a,

where W > E — Fig. 3.4, Show that the fraction transmitted to region
3)is

W2 gl
7= {1+ spr—gyera)
where
Y2 =2m(W — E)/n*.
region — | 2 3
W o— —
E
energy T
() —d —

0 a — x

Fig. 3.4. Potential function and energy for Problem 3.6.
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[Notation: u, =exp (ikx) + R exp (—ikx), u,=Aexp(yx)+ Bexp(~yx),
uy = Texp(ikx), k®=2mE/M?, p=vy/kl]

3.7 If the potential in the last problem is a & function, i.e. W — ® and
a — 0 in such a way that Wa is equal to a constant b, show that

mb? \ !
thE_) '

(J=(1+
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_SOIulioﬂs

3.1 (a) For —a <x < a, the Schrédinger equation is

2.
SU 4 u=o. 1)

dx
Solutions of this equation are cos kx and sin kx. (See Comment 1 below.)
Now u(x) is continuous, and since it must be zero for |x| > a, we have

u(x)=0 for x = *a.
This condition is satisfied if

m .

k= Mo (2)

where n is an odd integer for the cosine solutions, and an even integer

(not zero) for the sine solutions. The function with » =0 is ruled out,

because it corresponds to u(x) =0 everywhere. This would mean that

there is zero probability of finding the particle anywhere, which is not a
permissible state.

Let

_ nmx |
u(x) = Acos (——“Za ) 3)
The constant A is fixed by the normalisation condition” f | lu(x)?dx = 1.
The left-hand side is equal to &

a . nm/2 .
Azf cos’ (L’.’.T_’f_) dx = Az-z—af cos’0df = A% = 1. 4)
—a 2a 5 g -
Similar algebra shows that the normalising constant has the same value
for the sine solution.
The required solutions are therefore.

x| <a u(x)= \/1a cos(nzz_x) n odd,
u(x) = \/1a sin (_nzfzx') n.even,
x| >a u(x)=0. (%)
The energy is given by
272 242
-=hk=n-277'h. (6)
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(b) The wave functions for n =1, 2, 3, 4 are shown in Fig. 3.5. We see
that the function has » half-wavelengths in the length 2a, i.e.

n% = 2a, (7)
where A is the wavelength. Therefore
_2m _ 7w .
k= T =n 2a ) ] (8)

which is a quick way of obtaining the result in (2).
(c) The cosine solutions have even parity, and the sine solutions have odd
parity.

n=1
— T
I | !
| | |
l I |
| ! |
-a —— X a —a
n=3 n=4
—{-
| I I !
I I [ [
| | | &
I | | I
-a — X a -a — X a

Fig. 3.5. First four energy eigenfunctions for infinite potential well.

Comments

(1) Since the potential V(x) has even parity, and the energy values are
non-degenerate, the wave function u(x) must have a definite parity,
either even or odd. Therefore the solutions must be either cosine or sine
functions, and not a linear combination of the two. If we had not made
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use of this result, we would have started with a solution of the form
u(x) = Acos kx + Bsinkx, 9)

where A and B are constants. Application of the boundary conditions
u(a) =0, and u(—a) =0 then gives two equations, which can only both
be satisfied if either B=0, and coska =0, or A =0, and sin ka =0,
which are the same results as before.

(2) We could have chosen the origin of x so that the zero-potential
region extended from x = 0 to x = 24. In that case V' (x) would not have
even parity, and the wave functions would not have a definite parity. Of
course, nothing would be changed physically in the problem. The wave
functions would still look the same as in Fig. 3.5, and the energy values
would be the same. This shows that the parity property of the wave
function depends on the choice of origin.

3.2 (a) Take the origin at the centre of the box. The Schrédinger
equation for '

x| <ae, [yl<a, l|z|l<a,
is

o%u %u n *u 2mE

o T Tt vl O

The boundary conditions are u = 0 at the walls of the box. It is readily
verified that the solutions of (1) may be expressed as

=, (x)u,(y)u,(2), ()
where u, satisfies

d*u, 2mE, ~

d.xzx + = 0, (3)

(similarly for u,, u,), and
E=E + E, + E,. (4)

From the results of Problem 3.1

1 n.mx 1 . | naoXx
u, = \/ax CO.S( 2xax )_, or u,= \/ax S-ln( 2xax ), (5)

and n, is an odd integer for the cosine function and an even integer (not
zero) for the sine function; u, and u, have similar forms.
The energy is given by
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242 2 2 2

The{ n, n n

E= 8m (azl * a2} * azz)’ (6)
A e Y z

where n,, n,, n, is a trio of integers (none zero).

(b) The parity of the function u, is even for a cosine and odd for a sine
function. The parity of u is obtained by multiplying the parities of u,. u,,
and u, treating an even parity as +1 and an odd parity as —1. Thus the
parity of u is even if the three functions u,, u,, u, have even parity, or if
one is even and the other two are odd. Therefore the parity of u 1s

even if n,+ n,+ n, isodd,

and
odd if n, + n,+ n, iseven.

(c) A state, i.e. an eigenfunction, is specified in this problem by giving
the trio of integers n,, n,, n,. The energy is
hn?

The state of lowest energy is (1, 1, 1), with energy

h -
E=3 5 (8)

8ma

There is only one state with this energy, so it is non-degenerate.

There are three states corresponding to the next energy. They are
(2,1,1), (1,2,1), (1,1, 2). The energy is therefore
- Th

. ‘_ ©)

E =
8ma

and it is three-fold degenerate.

3.3 (a) The Schrodinger equation is
d*u
dx?

+ i—T(E - Vyu=0. (1)

For a bound state we require solutions with negative E. Eq. (1) becomes
(see Fig. 3.1)

u”+ jfu=0, = zh—T(W + E) region (2), (2)

u'—yu=0, y=-2-E regions (1) and (3). (3)
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Since E is negative, y is real, and we take it to be positive. The potential
has even parity. The solutions therefore have either even or odd parity
(or, if of mixed parity, the even and odd parts are separately solutions).
We may therefore consider the even and odd parity solutions separately,
and it simplifies the algebra to do so.

The form of a solution with even parity is

u = Acos jx, region (2), 4)
u= Bexp(—yx), region(3). (5)

The function exp (yx) is also a solution in region (3), but we reject it
immediately because it tends to infinity as x tends to infinity. The
boundary conditions are that both u and u’ are continuous at x = a.
Therefore

Acos ja = Bexp(—ya), (6)
—jAsin ja = —yBexp (—7a). _ @)
Dividing one equation by the other gives

tan ja = —;f- 8)

The solution in region (1) is u = Bexp(yx). Applying the boundary
conditions at x = —a gives the same pair of equations as before.
The solutions of odd parity have the form

u = Asinjx region (2), 9)
u = Bexp(—yx) region (3). (10)

Applying the same boundary conditions as before and dividing the two
resulting equations gives

cot ja = —-}’- (11)

(b) The quantity that varies in the solution to the problem is the energy
E of the particle. We are looking for solutions with negative energy. A
value of E less than —W is not physically possible, because the kinetic
energy would be everywhere negative. Therefore E may vary from —W
to zero. As E varies, both j and y vary. When (8) is satisfied, we have a
solution of positive parity, and when (11) is satisfied, one of odd parity.

Since these equations are transcendental, exact solutions can only be
found numerically. To obtain the solutions graphically, we plot the
functions
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‘)/

tan ja, —cotja,

against ja — Fig. 3.6. The general form of y/; is obtained from the relation
(12)

ja — 0

E — W

Fig. 3.6. Graphical solutions of eqs. (8) and (11) ini Problem 3.3.
——tan ja @ even-parity solution

~————cotja O odd-parity solution

When E = —W, y/j is infinite. As E increases, y/j decreases monotonic-
ally until it reaches the value zero for E = 0. Whenever the y/j curve
crosses a tan or —cot curve in Fig. 3.6, we have a solution to the
Schrodinger equation which satisfies all the necessary conditions.

Whatever the values of W and a, the y/j curve must cross the first tan

curve. So there must be. at least one solution.
(c) The y/j curve can cross a ﬁ-‘arti:cular tan or —cot curve only once. The
total number of crossing points depends on the value of ja for E = 0.
When E =0,
j = @mW)¥2/h. (13)
Put
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(2m‘W)1/2% = p%. (14)
Then the number of solutions is the next integer greater than p. The
values

W=10eV=16x10"2%], a=4x10""m,

m=9 x 10~ kg, A =1.05x 10"%7Js,

give p = 4.1, The number of bound states is therefore 5.

Comment

It is interesting to reach the conclusion that there must be at least one
bound state by looking at the form of u. Assume that

@mwy = < 2., (15)
so that there is only one solution.
Suppose E = —W. Then j =0, and in region (2) u = A. We may make

u continuous by putting u = A exp {y(a — x)} in region (3), but u' is not
continuous at x = *a — see Fig. 3.7(a). Similarly; if £ =0, then y = 0. In

region —> 1 2 3

(@) E=-W

(b) -W<E<0

() E=0

|
)
|
|
|
|
|
|
!
]
]
}
]
]
4
]
t
|
1
1
1
)
|
1
|
1
1
|
|
|
1
|
|
1

X —> e /] a

Fig. 3.7. The form of the wave function u(x) for different values of the energy E in
Problem 3.3. Only the one in (b) with continuous slope throughout the range of x is
acceptable, and corresponds to the solution for the lowest energy level.
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that case, u is a constant in regions (1) and (3), and if we make u
continuous the result is as shown in Fig. 3.7(c). Again the slope at x = ta
is discontinuous.

In the first case, as x increases, the slope of u decreases at x = a, and
in the second case it increases. Suppose we let E rise from its value —W.
As it increases, j starts to increase, and the slope of A cos jx starts to
decrease at x = a. At the same time y starts to decrease, and the slope. of
exp (—yx) starts to become less negative. Somewhere between E = — W
und E = 0 the two slopes will become equal, and u will appear as shown
in Fig. 3.7(b).

The forms of the solutions for the next two energy levels are shown in
Fig. 3.8.

- -

|
!
I
|
1
I
!
|
I
a

Vig. 3.8. The form of the wave function u(x) for the second and third lowest
energy levels in Problem 3.3.

3.4 (a) The Schrodinger equation is
u"+ k*u =0 region (1), u"+ jfu=0 Tregion (2). (1)

The incident particles in region (1) may be represented by the function
exp (ikx). (For simplicity we put the multiplying constant equal to unity.
Its value does not affect the reasoning in the solution.) The required
solution has the form

exp (ikx) + Rexp(—ikx) region (1), (2)
Texp (ijx) region (2), 3)

where R and T are constants. The time-dependent factor multiplying all
the terms is exp (—iwt), where w = E/A. The second term in (2) is thus a
wave travelling to the left, representing the particles reflected at the
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potential step, and the term in (3) is a wave travelling to the right,
representing the transmitted particles. The densities of the reflected and
transmitted beams are |R|? and | T2,

The coefficients R and T are obtained from the continuity conditions.
Since u and u' are continuous at x = 0, we have

1+R=T, (4)
k(1 - R) = |T, (5)
whence

The density of the incident particles is unity. Therefore, since the
velocities of the incident and reflected particles are the same, 2, the
fraction of particles reflected, is equal to the density of the reflected
particles. So

® = |R|* = (-}—;—Fﬁ:)z . (7

We see that the fraction of particles reflected and transmitted depends
only on u, and therefore only on the ratio E/W. The reflection coefficient
R, is plotted against E/W in Fig. 3.9.

(b) From (2.5.4) the flux of particles for a wave A exp (ikx) is equal to

1
R

051

0 T T = r
0 1 2 _ 3
1 ) E/W
) - v o} -
i Problem | Problem
: 3.5 : 3.4

Fig. 3.9. @, the fraction of particles reflected at a potential step, as a function of
E/W in Problems 3.4 and 3.5.




Solution 3.5 45

(hk/m)|A|*, where A is the amplitude of the wave. Without the constant
[nctor h/m, these quantities are
k, kR, T

for the incident, reflected and transmitted waves. From (6)

2 2 #2' 2 ¥
KRS+ T uk{(lﬂt) +“('1+u)}

- k{l —2u+p+ '414}
1+ p)’
- k. ®8)

3.5 (a) The wave function is
u; = exp (ikx) + Rexp(—ikx) region (1), (D)
u, = Texp(—yx) region (2). (2)

The solution of the form exp (yx) is excluded in region (2), because it
fends to infinity as x tends to infinity.
u and u’ are continuous at x = 0. Therefore

1+R=T, 3)
. ik(1 - R) = —yT, (4)
whence
e ©
Put
p = tan 6. (6)
Then _
RolTim 0ol a0, O
The reflected wave is represented by
Rexp (—ikx) = exp {—i(kx + 26)}. (8)

(b) In region (1) the wave function is
iy = exp (ikx) + Rexp(—ikx)
= exp (—i0)[exp {i(kx + 0)} + exp {—i(kx + 6)}]
= 2exp (—if) cos (kx + 6). (9)
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The amplitude of the function at the point x is 2cos (kx + 6). In region
(2) the wave function is
uy = T'exp(—yx) = (1 + R)exp (—7yx)
= {1 + exp (—2i6)} exp (—yx)
= 2exp (—if)cos Gexp (—yx). (10)
The amplitude at x is 2 cos 0 exp (—yx).

(c) Since the density of the incident particles is unity, their flux F is equal
to their velocity, that is, (2E/m)"2. The reflected particles also have unit
density, since |R| = 1. Their velocity is equal and oppesite to that of the
incident particles. Hence their flux is —(2E/m)"Y2. Insetting u, in the
expression for F in (2.5.1) shows that the flux of particles in region (2) is
zero. If u, is inserted in the expression for F, the result is also zero,
because F is the net flux, and the sum of the incident and reflected flux is
Zero.

3.6 The Schrédinger equation has the form

u"+ k*u =0 regions (1) and (3),

u"— yYu=0 region (2) (1)
- see Fig. 3.4. The required solutions have the form

u, = exp (ikx) + Rexp(—ikx),

u, = Aexp(yx) + Bexp(—yx),

uy = T exp (ikx). (2)

As in the previous two problems we have given the incident wave unit
amplitude, and inserted the physical result that in region (3) there is no
wave corresponding to particles travelling to the left.

1 and u’ are continuous at x = 0. Therefore

1+R=A+ B, 3)

1-R=~ip(A~-B), p=—L. (@)

u and u’ are continuous at x = g. Therefore

Aexp(6) + Bexp (—0) = Texp (i), (5)

Aexp(0) — Bexp(—80) = i% exp (i6), (6)
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where
0 =vya, &= ka. (7)

This essentially solves the problem. The rest is simply the manipulation of
(3) to (6) to eliminate the coefficients R, A, B, and obtain an expression
for the transmission coefficient T.

By first adding and then subtracting (5) and (6) we obtain

A =1Texp(i6 - 9_).(1 + %) (8)

B =T exp(is + 9)(1 - %) ©)

Add (3) and (4) to eliminate R, and replace A and B in the resulting
equation by the expressions in (8) and (9). This gives

T = exp (—id)/P,

where
pP= 1{(1 + _i)(l + ﬁ) exp (—6)
p i
+ (1 — %)(1 ~ %) exp (_9:-)} (10)
= cosh 6 + %i(p - %) sinh 6. (11)
Thus | |
1
g =|T}*= P (12)
where
1 232
PF=1+ g—%f—)sinhz 6. (13)
p

In (11) and (13) we have used the relations

cosh 8 = 3{exp (6) + exp (—6)},

sinh 6 = 3{exp (8) — exp (- 6)},

cosh’? 8 = 1 + sinh? 6. (14)
From the definition of p we have

2 _ W-E
7 = fz Sk 3 | (15)
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whence

1+ M _ w?
40 4E(W — EY’

Eqgs. (12), (13), and (16) give the required result.

(16)

Comments

(1) Since & is not zero, a finite fraction of the particles pass from region
(1) into region (3). They are said to tunnel through the potential barrier.
The effect has no classical counterpart. Classically, if W > E, a particle
incident on the barrier can only be reflected. In quantum mechanics the
particles can tunnel through the barrier. Their kinetic energy in region (2)
is negative, so in order to observe them in this region, we would have to
disturb the system in such a way that the kinetic energy becomes positive,
but that would correspond to a different potential.

The tunnelling effect is observed in several phenomena, though the
shape of the potential is usually more complicated than the simple one of
the present problem. a-particles emerge from an atomic nucleus with
energies less than those needed to surmount the potential barrier due to
the combined nuclear and electrostatic forces. In the Josephson effect,
electron pairs from a superconductor tunnel through an insulating layer
into another superconductor. Another example is the phenomenon
known as field emission. When a large electric field is applied to the
surface of a metal, it changes the potential at the surface, and some of the
free electrons in the metal tunnel through the resulting barrier and are
emitted.

(2) If ya > 1, sinhya >» 1, and & < 1. So the tunnelling effect is small
unless ya < 1. Suppose (2mW)"2a/h>>1. Then T will be very small
unless E is very nearly equal to W, in which case a small change in E
produces a large change in the value of &/. This is shown vividly in
a-particle decay, where the value of & is related to the lifetime of the
nucleus - the larger the value of <7, i.e. the higher the probability of
tunnelling through the barrier, the shorter the lifetime. For all known
a-particle emitters, the value of E varies from about 2 to 8 MeV, a factor
of only 4. Whereas the range of half-lives is from about 10! years down
to about 107° second, a factor of 10%*.

(3) On physical grounds, we expect F, the flux of particles, to be the
same in all three regions, otherwise particles would be created or
destroyed. The expression (2.5.1) for F shows that F is continuous at the
two boundaries; because it involves only u and u’, and we have made
these two functions continuous at the boundaries. In fact the expression
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for F in Problem 2.5 is derived on the assumption that particles are not
created or destroyed.

Intuitively we might have thought that F,, the flux in region (2), was
zero, since the wave function u, does not appear to represent a travelling
wave. If we insert the expression for u, in (2) into (2.5.1) we obtain

F, = %Im(AB*‘); (17)
'I'his shows that, for a function of the form of u,, if the coefficient A or B
is zero, or if they are both real (in general if, being complex, they have
the same phase), then the flux is indeed zero. In Problem 3.5, where we
have a potential barrier of infinite length, the coefficient A is zero, and so
is the flux. However in the present problem neither A nor B is. zero, and

their relative phase gives-a non-zero flux.

3.7 One method is to use the results of the last problem. If W — o, and
a — 0, with Wa = b, then

pgt = 2mOW = E) o 2mW 5 _ 2mb’

P o) a = W — 0. (1)
So
2
sinh? ya — yza_?‘ — Zhizng/_ . (2)
Also
w3 W |
E(W-E)  E (3)
From (3.6.13) to (3.6.16)
1 w? - mb? -
— =|P*F=1 nh? > 1 _
= | P| by W= B sinh®>ya — 1 + P E 4

which is the required result.
Alternatively, we can obtain the result for a d-function potential by a
direct method. The Schrodinger equation for region (2) of the last
problem is .
u’ — y2u = 0. (5)
As W —
_2m(W - E) 2mWw
Y= Pyl T

—> . (6)
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Since u is finite in region (2), eqs. (5) and (6) show that u” tends to
infinity in that region. The value of u’ increases between x=0andx =a
by approximately u"a, a finite quantity, i.e.

u'(a) — u'(0) = u"a =~ y*au, (7)
where
2mWa _ 2
Yza ~ ";tz : h’;lb (8)

Since u' is finite in region (2), the change in u between x =0 and x = a
tends to zero as a — 0, i.e,

u(a) = u(0). 9)

Applying the results of (7) and (9) to the functions uy, u,, u; in (3.6.2) we
obtain

1+R=T, (10)

o 2 |

ikT — ik(1 - R) = —h’;-'-bT. (11)
Eliminating R between these two equations gives

1 imb

- = 1+ o (12)
Thus

1 1 m?b? mb? .

7 = TP Py E (13)




4

Orbital angular momentum,
hydrogen atom, harmonic
oscillator

Summary of theory

1 Orbital angular momentum

(u) Operators, eigenfunctions, eigenvalues

L., L,, L, are operators corresponding to x, y, z components of orbital
angular momentum. The operator corresponding to the square of the
magnitude of the orbital angular momentum is

L*’=L;+ L+ L. (1)

/7 commutes with L,, L,, and L,. The component operators do not
commute with each other. The commutation relations are

[L,, L,] =ihL,, and cyclic permutations. (2)

The common eigenfunctions of L2 and L, are the spherical harmonics
Y,,. The eigenvalues of L? and L, are given by

LY = Il + VY LYy = mhY,,, 3)
where [ is zero, or a positive integer. For given /, m takes the values

,1-1,1-2,...1,0,-1,...—1. (4)
'I'ne spherical harmonics Y}, are functions of the polar angles 0, ¢. They

nre orthogonal, and are conventionally normalised so that the square of
the modulus of the function integrated over all directions is unity, i.e.

o 27
f f YinYi,sin0dddg =0, unless!' =1/, andm' = m,
0 Jo

=1, I'sL,m=m. (5)

T'he functions for the values / = 0, 1, 2 are listed in Table 4.1,

51
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Table 4.1. Spherical harmonics for [ =0, 1, 2.

-1
(4m)12

o 3 \i2
Y = (—47’—) cos @
3 172 o

Yia= $(—-—) sin G exp (*igp)

172
) (3cos28 —1)

{15\~ L

Y= “(—) cos @sin Gexp (tig)

8
: (15 Y/ . .
Yy40= (—-— sin? @ exp (*2i¢)

(b} Ladder operators
The operators L., L_ are defined by

L,=L+iL,, L_=L,—iL,. (6)
They satisfy the relations

LY = {I(Il + 1) — m(m + DY24Y,,,.1, (7)

LY = (I + 1) = m(m = D}PRY s, (8)

For a fixed value of [/, the set of eigenfunctions Y;,, where m takes
integral values from —1I to +/, may be regarded as arranged on a ladder
with 2/ + 1 rungs. The operator L, converts the function Y, intothe
function one rung up the ladder, while the operator L. converts it into
the function one rung dowrn; hence the name ladder operators for L, and
L_. The operator L, is also called a raising operator, and L_ a lowering
operator. From (7) and (8)

L+ Y;I = L-YI,—I =0, (9)

which is consistent with the fact that the ladder is bounded at m = /..

2 Hydrogen-type atom

Consider an atom or ion with a single electron and nuclear charge Ze;
ignore the spin of the electron. Z =1 refers to a hydrogen atom, Z =2




Summary of theory 53

to a He* ion, Z =3 to a Li*" ion, and so on. Assume the mass of the

nucleus is infinitely large compared to the mass of the electron, so that

the nucleus is at rest, and use spherical polar coordinates r, 8, ¢, with the

origin at the position of the nucleus. The potential of the electron, due to

the electrostatic force of the nucleus, is
| Ze* 1

Vir) = ———, 10°

() =~ (10)

The eigenfunctions of the Hamiltonian are specified by the three
quantum numbers n, [, m and may be expressed as

Unim(7> 0, @) = Ro(r) Yin(6, 9), (11)

where Yj, is a spherical harmonic. The quantum number n is a positive
integer, and, for a fixed value of n, ! takes integral values from zero to
n — 1. The energy of the state u,;,, depends only on n, and not on the
other two quantum numbers. It is given by

. omeZe2\ 1
E, = 2_h‘2(47760) n?’ (12)

The radial function R,/(r) has the form

: { Zr . _
Ru(r) = ¢yexp (_—)Wnl(r)9 (13)
na-o__ /
where

_ A 4mg ) |

ay has the dimensions of length, and is known as the Bohr radius:. The
function W, (r) is a polynomial in r, with powers of r going from ! up to
n — 1. The normalising constant c,, is defined so that

[(Runyriar=1. (15)

The expressions for R,(r) for n =1 and 2 are given in Table 4.2. When
the finite mass of the nucleus is taken into account, the expressions for
the energy and R,, remain the same, except that m,, the mass of the
electron, is replaced by the reduced mass of the electron—nucleus system.

It may be noted that if the potential V/(r) is a function only of the
magnitude of r (representing a central force field), the angular part of the
solution of the Schrddinger equation is a spherical harmonic Y,,(6, ¢).
This is true whatever the functional form of V(r). The function V(r)
determines the radial part of the solution. - |
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Table 4.2. The radial function R, forn =1, 2.

_(ZY" Zr
Fo = 2(“_0) exp( 4 )

3 Harmonic oscillator
For a one-dimensional oscillator of mass m and angular frequency w, the
Hamiltonian can be expressed as
o (M wrx® + p°), - (16)

where x is the displacement, and p is the momentum. We define
operators a and a' by

a = 2mhw) " (mwx + ip),

a' = 2mhw) " (mwx — ip). (17)

From (16) and (17), and the commutation relation [p, x] = —iA, the
following results may be deduced.

H

i ¥ = e 3 . i = o — S R
(i) aa’ = = +35 aa Pl (18)
[a,a"] = 1. (19)
(ii) The eigenvalues of the Hamiltonian are &
E, = (n + Hho, (20)

where n is zero or a positive integer.
(iii) If u, is a normalised eigenfunction of the Hamiltonian corresponding
to the eigenvalue E,, then
au, =nu,_,, a'u, = (n+ 1)"u,,,. (21)

These relations show that a and a' act as ladder operators. The operator
a is known as an annihilation operator, and a' as a creation operator.
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Problems

4.1 A system is in the state ¢ = ¢,,, an eigenstate of the angular
momentum operators L? and L,. Calculate (L, ), and {L2).

4.2 Denote the eigenfunctions of the orbital angular momentum opera-
tors L2 and L, with eigenvalues I =1 and m =1, 0, —1 by ¢, ¢, ¢_;.
Use the raising and lowering operators L, and L_ to calculate the result
of operating on ¢, ¢, ¢_; with L,. Hence find the eigenfunctions and
eigenvalues of L,.

4.3 (a) A beam of particles with [ = 1 is travelling along the y axis and
passes through a Stern—Gerlach magnet P with its (mean) magnetic field
along the x axis — Fig. 4.1. The emerging beam with m = 1 is separated
from the other two and passed through a second Stern-Gerlach magnet
Q with the magnetic field along the z axis. Into how many beams is this
beam further split, and what are the relative numbers of atoms in them?

(b) What would be the results if the m = 0 and m = —1 beams from
magnet P were treated in the same way?

-1
-k‘i*
R
1
/
71 10 o
~ 1

S

Fig. 4.1. Schematic diagram of the Stern—Gerlach magnets and the beams of ators
for Problems 4.3 and 4.4. The m values for beams 1-3 refer to the x axis, and the m
values for beams 4—11 refer to the z axis.
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4.4 Consider the following description of the measurements in Problem
4.3, Magnet P in Fig. 4.1 measures L,, the x-component of angular
momentum, and the atoms in beam 1 have L,=#4. Magnet Q then
measures the z z-component of angular momentum of the atoms in this
beam. The atoms in beam 4 have L, = #, and L, = A. Therefore the two
magnets together have measured the x- and z-components of angular
momentum,

(a) Is this correct? If not, give the correct description.

(b) What would happen if beam 4 were passed into another Stern-
Gerlach magnet with its magnetic field along x?

4.5 a and B are physical quantities with corresponding operators 4 and
B. Are the following statements true or false?

(a) If A and B commute and we know & with certainty, we know
with certainty.

(b) If A and B do not commute, we cannot know both & and ﬁ with
certainty.

If false give counter examples.

4.6 The normalised wave function for the ground state of a hydrogen-
like atom (neutral hydrogen, He*, Li**, etc.) with nuclear charge Ze,
has the form

u = Aexp(—pr),

where A and B are constants, and r is the distance between the electron
and the nucleus. Show the following,.

3
o 42 = B
(a) 4% =",
\a_ Z h? 4me
(b)ﬁ—a—o, whereao—;e o

2 \2
\ — 72 _ Mef €
(c) theenergyis E = —Z“E;, where Ey = 2h2(47780)

(d) the expectation values of the potential and kinetic energies are 2E
and — E respectively,

(e) the expectation value of r is gaz

(f) the most probable value of r is %.
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[The operator V2 becomes 3%2/3r%+ (2/r)3/3r when operating on a
function that depends only on the magnitude of r.]

4.7 An atom of tritium is in its ground state, when the nucleus suddenly
decays into a helium nucleus, with the emission of a fast electron which
leaves the atom without perturbing the extranuclear electron. Find the
probability that the resulting He™ jon will be:left in

(a) a ls state,

(b) a 2s state.

(c) What is the selection rule for the ! quantum number in the
transition?

4.8 Explain how the solutions of the Schrodinger equation for the
hydrogen atom are related to a z axis despite the fact that the potential is
spherically symmetric.

4.9 Prove the following results for an eigenstate of the Hamiltonian of a
one-dimensional harmonic oscillator.

(a) The expectation values of the position and momentum are zero,

(b) The expectation values of the potential and kinetic energies are
equal.

(¢) A, and A, the uncertainties in position and momentum, satisfy the
relation A A, = (n +3), where n is the quantum number of the state.

(d) Show that the ground-state eigenfunction u, is a ‘Gaussian, and
hence that the parity of the state » is even for even n, and odd for odd n.

4.10 The Hamiltonian of a three-dimensional isotropic harmonic oscilla-
tor with mass m and angular frequency w has the form

w( 82 3?
2m ( ox®  dy

—

Y -
-+ aa 2) + ima?(x® + y? + z°).

(a) By expressing H as the sum of three similar Hamiltonians H,, H,,
H, for one-dimensional oscillators, show that the energy is equal to
(n + 3)hw, where n is zero or a positive integer.

(b) Show that the degeneracies of the three lowest energy valuesare 1,
3, 6, and that in general the degeneracy of the level n is 3(n.+ 1)(n + 2).

(¢) Deduce the parity of the states of the level n.




58 Orbital angular momentum and related topics

Solutions

4.1 From (4.6), (4.7), and (4.8) we have the following results.

L,=3L,+ L), (1)
Lyt = CoPrmers )
L_¢, = 'C-¢l,m—1’ (3)
L,L_+L_L,=2(L*~ L)). )

It is only the form of (2) and (3) that we require in the present problem.
The values of the constants ¢, and c_ are irrelevant.
The formal solution is as follows:

(L) = [ #h Lo dv =3[ $h(L + L)gimdr. )
Now _

L,y = cy®pme1s (6)
and

[t timssdr =0, ()
since ¢, and ¢, ,,, are orthogonal. Therefore

f¢lmL+ ‘plm dr = 0. (8)
Similarly

[otL-gimdr=0. ©)
Thus

(L) =0, (10)

The expectation value of L is

(L2) = [ ¢l Lipum dr, (a1
where

Li=XL,+ LY =XL,L_+L_L,+ L% +L?). (12)
As before

[ 9113 pim dt = constant X [ ¢hug,mszdr = 0. (13)
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Similarly
[#tLiomar=0. 14
Therefore

(L) =} j¢;':,,(L+L- + L_ L) dt

= 4ot (L? = LY)pim dr

= 3{I(1 + 1) — mAy#?, (15)
since |
(L2 - L%)¢lm = {l(l + 1) - mz}h2¢lm1 (16)

and ¢,,, is normalised.

These two results may ‘be obtained much more quickly by physical
reasoning. The state ¢, corresponds to one in which the magnitude of
the angular momentum and its z-component are known. However, the x
axis is not defined and may be anywhere in the plane perpendicular to the
z axis. Therefore {(L,) must be zero, otherwise different observers
choosing different x axes would get different values for { L,).

By the same reasoning

(L) = (L%, but (L%) + (L2y + (L} = (LY. (17)
Therefore
(LY =3{(L?) = (LY} =3{1U + 1) — m}n%. (18)

4.2 Put!/=1in(4.7) and (4.8). Then

L.¢ =0, L_¢y = \/2hey,
L,¢o = V2h¢y, L_¢y = V2h¢_4, (1)
Li¢_y = \2hey, L.¢_,=0.

To find the eigenfunctions of L, in terms of ¢,, ¢, and ¢_;, we first use
(1) to obtain the result of L, operating on these functions. Since
L,=%L, + L_), we have

L. = Vhi%’ L.y = .\%(% + 1), Lp= W ?2)

If pp, + qpg + r_,, where p, q, r are constants to be determined, is an
eigenfunction of L, with eigenvalue A, then
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L pp1+ gy + ro_1) =AMppy + qdo + ré_y). (3)

Insert the results of (2) in the left-hand side of (3), and equate the
coefficients of ¢, ¢y, and ¢_; on the two sides of the equation. This gives

739 =s (P =la, e =ir @
These equations have three solutions:

A=0, withg =0,r = —p, (5)

A= h, withg = V2p, r = p, (6)

A= —h, withg=—-V2p,r=p. (7)

The eigenfunctions are normalised by putting p? + ¢® + r? = 1. This gives
the following results for the eigenfunctions and eigenvalues of L,,

Eigenfunction Eigenvalue
(61 + V2o + ¢-1)/2 h
(91 —9-1)/V2 0 )]
G- V2 + o022  —h

Comment

The eigenvalues for L, are the same as those of L,, as of course they
must be. There is nothing special about the z axis, or any other direction
in space. We could have done the calculation, i.e. finding the eigenfunc-
tions and eigenvalues, for any specified direction in space. The eigenfunc-
tions would depend on the direction, but the eigenvalues would be #, 0,
—h for all directions.

4.3 (a) The state of the beam with m = 1 emerging from the x-magnet P
is the eigenfunction of the operator L, with eigenvalue #. (The term
x-magnet refers to a Stern—Gerlach magnet with its mean magnetic field
along the x axis.) Denote this state by p;. Passing a single atom of the
beam through the z-magnet Q is equivalent to measuring its z-component
of angular momentum. The only possible results of the measurement are
the eigenvalues of the operator L,, namely, #, 0, —h. The probability of
obtaining, say, the value %, which is equal to the fractional number of
atoms in the beam emerging from the z-magnet with m =1, is given by
expanding p, in terms of ¢, ¢y, ¢4, the eigenfunctions of L,, and taking
the square of the modulus of the coefficient of ¢,. From (4.2.8)

p1 = (P + V2 + ¢-1)/2. (1)
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The fractional number of atoms in the output beam of the z-magnet with
L, = h is therefore (3)? = 3. The fractional numbers of atoms.in the output
beams with L, =0, L, = —A is obtained in a similar manner. So the
answer is that the m = 1 beam emerging from magnet P is split into three.

by magnet Q, with fractional numbers of atoms equal to 3, 3, 5.

(b) The atoms emerging from magnet P with m = 0, are in the state

po = (1 — ¢_1)/V2 (2)
(from 4.2.8). So if this beam is passed through the z-magnet R, the
emerging atoms have either L, = or L, = —h, with fractional numbers
given by the square of the coefficients of ¢, and ¢_4, i.e. i1
The atoms from magnet P with m = —1, are in the state
o= (¢ — V2o + 602 3)

The fractional number in the beams emerging from the z-magnet S for
this input beam is L

Note that for each of the three beams emerging from the x-magnet P,
the fractional numbers with L, = h, and L, = —# in the outputs from the
z-magnets Q, R, S are equal, This must be so, because, as we saw in
Problem 4.1, for a system in an eigenstate of L? and L,, the expectation
value of L, is zero.

4.4 (a) The last two sentences in the description are incorrect. It is
correct that the atoms in beam 1 in Fig. 4.1 have x-component L, = 7,
but this is not so for the atoms in beam 4, Magnet Q measures the
z-component of angular momentum, and the atoms in beam 4 have.
L, =h, but the measurement of L, disturbs the atoms so that the
information concerning the x-component of angular momentum is lost.

(b) The state of the atoms in beam 4 is given by the function ¢;. To find
out what will happen if beam 4 is passed through another x-magnet, we.
must express ¢, in terms of py, py, p_;, the eigenfunctions of L. Using
the reciprocal form of (4.2.8) we have

o1 = (o1 + V2po + p_1)/2. ey

So three beams will emerge from the second x-magnet with fractional
numbers , 3, 3. If we had known the x-component of angular momentum
for beam 4, only one beam would have emerged.

Note that beams 4, 7, and 9 in Fig. 4.1 are all in the identical state ¢,
and all would give the same set of fractional numbers if they were passed
through another x-magnet, or any other measuring apparatus. The fact
that they came from different input beams (1, 2, and 3) is irrelevant.
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4.5 Both statements are in general false.

(a) If the operators A and B commute we can find a set of functions
which are eigenfunctions of both operators. However, if some eigen-
values are degenerate for one or both operators, it is possible to have
functions which are eigenfunctions of one operator but not of the other,
Consider for example the functions ¢;,, which are eigenfunctions of L?,
the operator for the square of the magnitude of angular momentum, and
L,, the operator corresponding to the z-component of angular momen-
tum. (The discussion refers to orbital angular momentum.) L? and L,
commute. The functions ¢, are not eigenfunctions of L, and L, (except
for the special case ¢y), despite the fact that both L, and L, commute
with L?. Therefore, for a system in a state y = ¢,,, we know the value of
L? with certainty, but not the value of L, (or L,). That is to say, if we
measure. the value of L, for a set of systems all in the same state ¢,,, we
shall get a variety of values.

For a fixed [/, there are 2/ + 1 ¢, functions that are degenerate for the
operator L?. We may therefore take linear combinations of these
functions, which remain eigenfunctions of L? with the same eigenvalue.
By suitable choice of the coefficients we can construct combinations that
are eigenfunctions of L,, but they will not be eigenfunctions of L,. We
have seen this in detail for / = 1 in the last three problems.

(b) If A and B commute, it means that

ABvy = BAY (1)
for any function ¥. However, if A and B do not commute;, although the
above relation is not true in general, it may be the case that

AByy = BAy, 2)

for some special function . An example of this is the function ¢y,
which is an eigenfunction of the three non-commuting operatore L,, L,,
L,. So for a system in this state we known the three components of
angular momentum with certainty. They are all zero.

4.6 We shall need the following results.

W [rewundr=—z, [ rexp(-pr)dr =5,
f riexp(—ur)dr = % (1)
0 u

They may be verified by differentiation by parts. Alternatively, the last
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two may be obtained from the first by differentiating both sides with
respect to u.
(ii) For a symmetrically symmetric function f(r)

f f(rydr = 47 f r2f(r)dr. (2)
:[!;ace
(a) The constant A in the wave function is given by the normalisation
condition

[ dem 0
all

space.

From (1) and (2)

2

f,, |u\2dr—4n,4fr exp (— Zﬁr)dr—ﬂ—-;——l 4)

space.,
Thus

3
2_ B -

Ar=L (5)

(b) The Schrédinger equation is
2 _
~ 5 Veu + V(r)u = Eu. (6)

Insert u = A exp (—fr) into (6), and use the results

Verp(-r) = (25 + 22 exp (-1
= (ﬁz — -2-;@-) exp (—fr), (7)
V(r) = —%, where o = ‘5720‘ (8)
This gives
_# _ 2B _ @ _
2m, (ﬁz _r—) r E. ©)

The function u = A exp (—fr) is a solution of (6) if the terms in 1/r in (9)
add to zero, and the other two terms are equal. The first condition gives

(10)

o m. M. Ze® _Z
p= hz_a— : -

hz 477’80




64 Orbital angular momentum and related topics

(c) The second condition gives

__ B o amef € 2____ 27
E= zmeﬁ— ZE;F(Z”—SJ = —-Z*E,. (11)

(d) The expectation value of the potential energy is

(V) = fu*-V(r-)u dr = —41rA2affwr exp (—2pr)dr
/0

48 i af " B =2E. (12)
We could calculate the expectation value of the kinetic energy T from
R S ey
(T) = 2mefu Vuds, (13)
but it is much quicker to use the relation
(T)=(E)~(V)=E-2E=~E. “(14)

(e) The expectation value of r is

(r) = [u*rude = 4na” fo rPexp(—2pr)dr

=4p—— = (15)

(f) The probability of finding the electron between r and r + dr from the
nucleus is P(r)dr, where

P(r) = dur*|u(r)|* = 4w A*r* exp (—28r). (16)

Differentiating with respect to r, shows that P(r) is a maximum when

r= ]1'3" =%, 17)
Comment
From (12) and (14) we see that

(T) =-XV). (18)

This is a special case of a general result, known as the virial theorem,
which says that, for a system in a stationary state in a potential V(r)
proportional to r”",

(Ty=5(V). (19)
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For the present case of an inverse-square law of force, n = —1, which
gives the result in (18). The virial theorem holds also in classical
mechanics. Thus the result in (18) applies to a satellite orbiting the Earth,
the force being the inverse-square law of gravitation. For proofs and
discussion of the virial theorem in quantum and classical mechanics see
Davydov (1965), p. 51 and Goldstein (1980), p. 82.

4.7 The wave function of the electron immediately after the nuclear
decay is (uy,)z-1, i.€. the 1s state for the hydrogen atom. Denote the
states of the He™ ion by u;. Then the probability that the He™ ion is in a

particular state j is equal to |¢)|*, where c; is the coefficient. of u; in the
expansion '
(Uig)z=1 = 2@'“# (1)
i
From (2.5) ¢; is given by
Cj =J' u?(u-ls)Z:l drz. (2)
Jai
:pace '

From (4.11) and Tables 4.1 and 4.2, the relevant wave functions are

(Uy) z=1 = (1/ 77“6).1/23"?- (—r / ag), (3)
(1) z=2 = (8/mad)” exp (=2r/a,), (4)
() 702 = _(1/em3)*f2(1 - —) exp(=r/a). (5)

Since these functions depend only on r, we evaluate the integral in (2) by
putting

dr = 4nridr, (6)
and integrating with respect to r from zero to infinity.

(a) The probability that the helium ion is in the state 1s is |c;,|*

, where

Cis = j (uls.)-.§=2(u1s)2=1 dr
al]

space.
12 .
= 41_7—3—8 rtexp (-3 r-/ ay) dr
dg Ao
59/2

= 27f2j0x2exp(—3x)dx = 23—3 7)
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In the last step we have used one of the results in (4.6.1). The required
probability is thus

, 20 _.
ey l? = ¥ 0.702. (8)

(b) The probability that the helium ion is in the state 2s is |cy|?, where'

Cos = ) (35)%=2(U1s) z=1 A7
:pace .
. 1 %, r \
= dpr—r .21—-—)ex ~2r/ay)dr
mfo"( 0 p (~2r/ap)
= 4f x}(1 — x)exp(—2x)dx = —3. 9)
0

In the last step we have used two of the results in (4.6.1). The required
probability is thus |
lCz,lz = (.25. (10)

(c) The selection rule is Al =0. This follows from the fact that the
angular part of the wave function is a spherical harmonic, and the
spherical harmonics for different / values are orthogonal. The function
(t15) z=1 in (1) has / = 0. Therefore, if the function u; corresponds to a
spherical harmonic with a value of [ other than zero, the integral in (2) is
zero. The selection rule reflects the fact that the angular momentum of
the extranuclear electron is unchanged by the decay of the nucleus.
Therefore, the value of the quantum number [, which gives the
magnitude of the angular momentum of the electron, is unchanged.

4.8 The solutions of the non-relativistic Schridinger equation for the
hydrogen atom may be written as

un[m(-r" 99 ¢) = Rnl(r)y;m(es (P), (1)

where n is the principal, / the orbital, and m the magnetic quantum
number. The angular dependence of u,,, lies in that of the spherical
harmonics Y,,(8, ¢). These functions are not spherically symmetric,
except for I =0,

This may appear paradoxical, inasmuch as the potential, —e*/4rg,r, is
spherically symmetric. The answer is that the potential is only spherically
symmetric if there is no external force, such as that provided by an
external magnetic field. A non-spherically symmetric eigenfunction u,,
can only represent the state of the atom if an external force exists, or has
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existed at some earlier time. Such a force provides a physically defined z
nxis. In the absence of such a force, the state of the atom is represented,
cither by a spherically symmetric I =0 state, or by a mixture of
non-spherically symmetric states, the mixture itself being spherically
symmetric. Let us see how this comes about.

Suppose we have a box of hydrogen atoms, all of which are in states
with n =2, [ = 1. No axis has been defined in any physical way. We now
measure the component of angular momentum along some constant axis
for each of the atoms in turn. This may be done by allowing the atoms to
pass through a Stern—Gerlach apparatus. Each atom emerges from the
apparatus along one of three paths, corresponding to the component of
angular momentum having the value #, 0, —# along the direction of the
magnetic field of the apparatus, which we take as the z -axis. An atom
which emerges along, say, the first path is now in the state u,;;. This is a
non-spherically symmetric function, and is related to a physically defined
z axis, ‘

When a large number of atoms have passed through the apparatus,
they are found to be equally distributed among the three possibilities 7, 0,
—h. Therefore, the mean value of the component of angular momentum
along the direction of the magnetic field is zero. The same. result is
obtained whatever the direction of the magnetic field, and we conclude
that, for the atoms in the original system, the expectation value of the
component of angular momentum along any axis is zero. This of course is
to be expected, because the original system contained no physically
defined axis.

‘We now consider how the state 1y of the atoms in the original system
may be described. Suppose we set up a hypothetical set of Cartesian axes.
Then we have three states us;, Uz, Uy, defined with respect to these
axes. We know that if we do a Stern-Gerlach measurement with the
magnetic field along the z axis we shall obtain an atom in one of these
three states with equal probability. So 1 must be a mixture of equal parts
of the three us. We write

¥ = (eitay; + eolizio + €_1Un_1)/V3, )
where
l._el_‘z — |60|2= |€_1‘2"= 1, , (3)

since 4 and the us are normalised.

The moduli of the three es are therefore unity. However, the phase
relationships between them are arbitrary. This means that the functions
are not properly known, which is a reflection of our lack of knowledge of
the state of the system. To obtain complete knowledge (in the quantum
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sense) we must, in the present case, measure a component of angular
momentum. The function 1, representing the system after the measure-
ment, will be free from this arbitrariness of the relative phases.

When we normally talk about the state 4 of a system, we mean one in
which the relative phases are known. However, if it is desired to
emphasise this aspect, the term pure state is sometimes used. The type of
y we are discussing in the present problem is sometimes known as an
incoherent mixture of states, or, more formally, as a statistical ensemble of
states.

If we write such a state in the form

i=n
1 <

Y= Vn gle;u.-, (4)

then the arbitrariness in the phases means that whenever we have the
product of two es we must take the statistical average, the value of which
is given by

(ee}) = &, &)
where J; is the Kronecker delta. Thus
P 1 i _
vl = L3l ©)
i

In other words, there is no interference between the different us, which
accounts for the term incoherent mixture.

We return to the question of the angular dependence of |y|* for the
original state n = 2, / = 1. From (1), (2), and (5)

|92 = 3| Ru ()| Y2 + | Vi + [ Y1} (7)
Inserting the expressions for the Y's in Table 4.1 (p. 52) we have

3 cos’ 6 + 3 sin? 6

; . . _ 3 .
(¥l + Vil + Y1) = 2sin 6 + &7

_ 3
= ®
So |y[? has the required spherical symmetry.
Eq. (8) is a special case of a general property of spherical harmonics,
namely,

iy _20+1
mé:—l_l Ylm(99 ¢)|2 — 41’, . (9)

The detailed form of the right-hand side is of no interest here — only the
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fact that it does not depend on 6 or ¢. So for a system of hydrogen atoms
whose n and ! quantum numbers have been determined — by measure-
ment of the energy and resultant angular momentum - but for which no
measurements have been made to determine the m quantum number, the
square of the modulus of the state function is spherically symmetric.

4.9 We use the definitions and properties of the operators a and a' on
p. 54, and also the result that the energy of the eigenstate u, is
E = (n + Dho.

(a) From (4.17)

x = (h2mw)"?(a + a'), p = —i(mhw/2)"*(a ~ a¥). 1)
Thus

(x) = (Bf2mw)2({a) + (a")). )
Now

(a) = J-uﬁ.au,, dx = \/n J w¥u,_ dx = 0, 3)
since u, and u,_, are orthogonal. Similarly

(a) =0. | 4)
Therefore

(x) =(p)=0. (5)

These two results are the same for the classical harmonic. oscillator. If
we average the displacement, taking account of sign, over one oscillation,
the result is zero. Similarly the average of the momentum (or velocity)
over one oscillation is zero.

(b) The expectation value of the potential energy is

(V) = 3ma? (x?). (6)
From (1)

(x?) = 52— ((a + a)a + a")). ")
Now

(aa) = ju-;';a_a_u,,.d.x =0. (8)

This follows because

aau, = a(au,) = a(V nu,—,) = V{n(n - D}u,_, 9)
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and u, and u,_, are orthogonal. Similarly (a’a’) = 0. The term (aa') is
not zero. We have

aatu, = a(a'u,) = a{\V(n + Du,.} = (n + Du,. (10)
Therefore, since the u, are no,rmélised,

(aa’) = n + 1. (11)
Similarly

{a’a) = n. (12)
Inserting (11) and (12) in (7) gives

(x2) = o + . (13)
Therefore from (6)

(V) =3(n + )ho = iE, (14)

where E is the total energy. The expectation value of the kinetic -en-ergy‘
T is obtained immediately from the relation

(TY=E - (V) =3}E. (15)

The result {(T) = (V') may be obtained from the virial theorem. For
the harmonic oscillator, V «< x2, so n =2 in (4.6.19), giving the stated
result.

(c) A,, the uncertainty in x, is defined by
A% = (({x) = x)*) = (x?), since (x) =0, (16)
From (6) and (14)

2 y=_2 (yy=_E '

Az = (x?) mwg(") ma? (17)
Similarly

AL = (p?) =2m(T) = mE. (18)
From (17) and (18)

Ay =2 = (n+ D, (19)

(d) The annihilation operator a operating on the ground-state eigenfunc-
tion gives zero, i.e. auy = 0. Now
d

a = 2mhw) (mox +ip), and ip = fig (20)
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Therefore

max + A9 |uy = 0 @1)

dx ’

i.e.

ax | h W (22)
the solution of which is

mo 5 |
u, = Aexp (-ﬁ—x?), (23)

where A is a normalising constant.

To establish the parity of the state u,, we note first that the operator a'
has odd parity, and therefore, from the relation a'u, = /(1 + D1, U,
and u,,, have opposite parity. From (23) u, has even parity. It therefore
follows that the parity of u, is even for even n, and odd for odd x.

Comments
(1) For the ground state, (19) becomes

AA, = 7h. | (24)
We prove in Problem 10.1 that this value of A A ,, the minimum allowed
by the uncertainty principle, is obtained only with a Gaussian state
function, which is consistent with the result in (23).

(2) The potential V(x) of a harmonic oscillator is proportional to x?
and therefore has even parity. The energy values are non-degenerate.
The results of the problem provide another illustration that under these
conditions the solutions of the Schrédinger equation have a definite
parity.

4.10 (a) Put

H = H, + H, + H, (1)
where

"R 1 ., _

1, = -2-; ax_2 +2_mw2x . . (2)

and similarly for H,, H,. The operators H,, H,, H, differ only in the
labelling of the coordinates. Put

U(x, y, z) = u(x)uy(y)us(z), 3)
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where u,(x) is a solution of
Hoauy(x) = Equy(x), “)

and u,(y), us(z) are solutions of corresponding equations. Then
U(x, y, z) satisfies

HU(x, y,z) = EU(x, y, 2), (5)
where

E=E + E,+ E,. (6)
This follows because when the H, term in H operates on

ur (2)ux(y)us(2),
it treats u,(y)u;(z) as a constant. Therefore from (4)

Houy (x)uy(y)us(z) = Equy(x)us(y)us(z), (7)

and similarly for the H, and H, terms.
But, from (2) and (4), uy(x) is an energy eigenfunction for a
one-dimensional harmonic oscillator. The energy has the value

Ey={(n + Yo, 8)

wheré ny is zero or a positive integer. Similarly for E, and E,. The
energy of the eigenstate u,; (x)u,,(¥)u,3(z) is therefore

E=E + E+ E; = (n + Hho, ©
where

ket (10)
is zefo or a positive integer.
(b) The eigenfunction

i/"(x, Vs Z) = Uy (X) (¥ ) Un3(2) a1y

is sp{:‘ci-figd by the trio of integers (ny, n,, n;). The ground state has
n = 0, which must correspond to (0, 0, 0). The next energy levelis n = 1,
which can be obtained from each of the states

(1,0, 0), (0,1, 0), (0, 0, 1).
The n = 2 energy level can be obtained from
2,0,0), (0,2,0),(0,0,2), 0,1, 1), (1,0, 1), (1, 1, 0).

Thus the three levels # = 0, 1, 2 have degeneracies 1, 3, 6.
To obtain the degeneracy of the state n, we need to find the number of
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different trios of integers whose sum is n. We may do this as follows.
Suppose we have n balls arranged in a line. We take a partition and put it
at either end of the line of balls, or between any two of the balls. There
are n + 1 possible positions. We now take a second partition and place it
similarly in the line, this time treating the first partition as a ball. The
second partition can thus go into n + 2 possible positions. The number of
position combinations for the two paftitions is thus 3(# + 1)(n + 2). The
factor 3 comes from the fact that the partitions are to be regarded as
indistinguishable, and may be exchanged. Each position combination
corresponds to a set of integers whose sum is #. The number of balls to
the left of the first partition gives n,;, the number between the two
partitions gives n,, and the number to the right of the second partition
gives nj..

(c) If n is even, then, from (10), either n;, n,, n; are all even, or one of
them is even and the other two are odd. From the results of Problems
3.2(b) and 4.9(d), it follows that the parity of the states of the level r is
even. Similarly, if # is odd, the parity of the states is odd.
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Matrices, spin, addition of angular
momentum

Summary of theory

1 Matrices

Let A be an operator, and #; (i =1to N) a set of orthonormal functions.
The matrix A corresponding to the operator A on the basis of the
functions u; is defined by

Ay = f u* Au, dr. (1)
:gace
Ais a square matrix of dimensions N X N. The following important
results follow from the definition.

G) Ay = %_Ak,.uk. (2)

(ii) Any arithmetical relation that holds between operators holds
between the corresponding matrices, e.g.

if €=A+B, then CT=A4+B, (3)
if C=AB, then C=A4B. 4)

The same set of basis functions must be used throughout.

(iii) The elgenvalues of the matrix A are the same as the eigenvalues of
the operator A. The eigenvector of A corresponding to an
eigenvalue A is the corresponding eigenfunction of A. Thus if
AX = AX, where X is the column vector

X
X, |

Xy

then A¢ = A¢g, where ¢ = > Xu;.
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(iv) If the basis functions u, are eigenfunctions of A with eigenvalues A;,
then A is a diagonal matrix with diagonal elements equal to A;, i.e.
it has the form

A 0 0
0 A 0
0 0 A

2 Dirac notation

A state function ¢ is written as |¢), and ¢* is written as (¢|. The Dirac
notation is very convenient if we are dealing with a known set of functions
u;, and wish to emphasise relations between functions with different
values of i; the symbol u is then omitted. The notation lends itself to a
compact way of expressing the integrals over all space that constantly
arise in the theory. Some examples follow.

standard Dirac
uj |] >

uf (i|

[ wAmde o ilAlj)
?gace

3 Spin angular momentum

The operators corresponding to the x, y, z components of spin angular
momentum are denoted by S,, S,, S;. The operator §* = §; + -Si + 82
cortesponds to the square of the magnitude of the spin angular
momentum. The commutation relations for $2, S,, S,, S, are the same as
for the orbital angular momentum operators. The pattern of the
eigenvalues of the common eigenfunctions of the operators $?, §, is the
same as for orbital angular momentum, but the quantum number I,
denoted by s for spin angular momentum, can take half-integral values
also, i.e.

s=0,1/2,1,3/2,2,5/2, ... (5)
For given s the quantum number m, denoted by m,, takes values
mi=s,s—1,s—2,...—(s — 1), —s. (6)

For a single electron, s takes only the value %, with m, = i%. The two
eigenfunctions are denoted by o and f. Thus
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S2a = s(s + Die, S$*B=s(s + DA*B, s =1, (7
S, = jha, S.B = —ihp. (8

4 Abstract eigenfunctions and Hilbert space

Unlike the operators and eigenfunctions for orbital angular momentum,
which are specific functions of the space variables, the operators and
eigenfunctions for spin do not have a functional form in terms of space
variables. The spin operators are defined only by their commutation
properties, and the eigenfunctions only by relations such as (7) and (8).
The eigenfunctions are said to be unit vectors in an abstract space, known
as Hilbert space. (In fact all eigenfunctions, including those that are
functions of space variables, may be considered as unit vectors in Hilbert
space.) Do not be put off by this highbrow language — the procedures,
which we here outline, are quite straightforward.

Consider the case of spin s = .%, where there are two eigenfunctions or
unit vectors, « and B, so the Hilbert space for this case is two-dimen-
sional. The spin state y = aa + b, where a and b are numbers, may be
represented as a vector in the space with coordinates a, b. The numbers a
and b are in general complex.

Since & and B are not functions of space, we cannot use (1) to calculate
a matrix representation for the spin operators. Instead we define a
quantity, known as the scalar product of two state vectors y; and y,, and
use the Dirac notation to denote it by (y;|y,). The definition is an
operational one, that is to say, it gives the rules for calculating the scalar
product, which is, in general, a complex number. The scalar product of &
(or B) with itself is unity, while the scalar product of &« and B is zero.
Thus

(ala) = (BIB) =1, (a|B) = (Bla) = 0. )

In the usual language we say that « and f are normalised and orthogonal
to each other. The scalar product of y; = ¢y + b and y, = ayor + b, 8
is then defined to be

(r1]y2) = (a1 + by Blasa + byB)
= afa,(a|a) + atb,(a|B) + b¥a,(Bla) + bib,(B|B)
= ai“a'z -+ bikbz. (10)

You can see that the definition follows from (9), with the extra condition
that the numbers in the first vector are replaced by their complex
conjugates. The matrix element A,,, for a spin operator A is defined by
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Apn = {m|A4n), (11)

where m and »n are « or . So the matrix has dimensions 2 X 2. Postulate
4 - p. 9 - is similarly modified for spin operators and states. If § is the
operator corresponding to a spin observable ¢, then the expectation value
of o for the state y is

(§) = (v|8v). (12)

The method is readily extended to higher spin values. Thus for s = 1,
there are 2s + 1 = 3 normalised and mutually orthogonal spin eigenfunc-
tions or state vectors. The Hilbert space is three-dimensional, and the
matrix representing a spin operator has dimensions 3 X 3, and so on. See
also the comment at the end of the solution to Problem 5.7.

5 Addition of angular momentum

(a) Definition of operators

Classically the resultant of two angular momenta J; and J, is the vector
sum

J = J] + J'z. (13)

Each component of J is the sum of the corresponding components of J;
and J,. Thus

Jo=Ty+ Dy T,=Ty+Dy, T =T+, (14)

The square of the magnitude of J is given by
P =7+ T3+ 21), (15)
= J1+ T2+ 200pedae + Tiyyy + J1 ). (16)

Jier Jor, €tc. and J f and J; are represented by operators as in the previous
treatment of angular momentum. The commutation relations for the J;
operators are, as before,

Ui 1] = UL, Iyl = U, Tl = 0, (17
[Jixs J1y) = iRJy,, and cyclic permutations. (18)

Similarly for the J, operators. Any 1 operator, i.e. J'-:f, Ji,» €tc. commutes
with any 2 operator, _J%, Jox, etc. The angular momenta J; and J, may be
orbital or spin.

To find the operators for the components of J and for J?, we use (14)
and (16), interpreting the quantities on the right-hand sides as operators.
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It is easily verified that the commutation relations between the operators
P2, I, I,, J, are the same as (17) and (18). Thus J* commutes with each
of its components J,, J,, J,, and the commutation relations between the
components are

[Jy, J,] =ihJ,, andso on. (19)

(b) Eigenfunctions and eigenvalues

Let ¢, be an eigenfunction of the operators J> and Ji;. Then from the

jimy
previous results on orbital and spin angular momentum
I\, = h(iy + DS, (20)
T2 @S, = Mgy, 1)

j; takes values 0, 3, 1, 22,... (The half-integral values are excluded for

orbital angular momentum.) For given j;, m; takes values j;, j; — 1,
fi=2 .. = |
Since J? and J, commute, they have a common set of eigenfunctions.
Denote them by ®,,,. The pattern of eigenvalues for these functions is the
same as for the component angular momenta. The eigen equations are

qu)jm = ](] + l)flzq)jmr (22)
J, @ = mh®y,, (23)
where 7 takes values 0, 3, 1, 2, 2, ..., and, for each j, the values of m

range from j to —j in integral steps. For a particular pair of j,, j, values,
the values of j are further restricted to

J=h+ijs h+h-1, jh+ih-2, o |ji—il (24)

(c) Two sets of mutually commuting operators

The commutation relations between the operators are summarised by the
following scheme.

Jz _ J 1'-]2
Ji 7 T, (25)
Jiz Jo,
An operator commutes with any other operator on the same or adjacent
line, but an operator on the top line does not commute with an operator

on the bottom line.
The eigenfunctions of the mutually commuting set of operators J3, I3,
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Ji,, J», are the product functions ¢§1,,,1¢§an2 This follows because J? and
J1, operate only on variables (1), and treat ¢ ]2,),,2 as a constant. Therefore
from (20)

B 6D = j1(y + DG, o, (26)

Similarly for J,, J3, and Jy,.
Denote the eigenfunctions of the mutually commuting set of operators
Jla JZ’ J2 J by frjaim Thus

J 2¢hmm jl(j 1t 1)h'2¢i1fzim’ J Zq)nmm ]2(12 + 1)h2®f1izim’-
J¢ Djoim =] i(j + 1)h2q>mz)m’ J q)h]z]m = mhq)mzfm (27)

The functions ®,,;,;» depend on both the (1) and (2) variables.

For a given value of j;, there are 2j; + 1 values of m,, and similarly for
jo. Thus there are (2j; +1)(2j, + 1) product eigenfunctions ¢§f2,,l¢gf,,2
corresponding to a given j;, j, combination. It is readily shown that, for
the j values given in (24), each with its set of 2j + 1 values of m, there
are also (2j; + 1)(2j, + 1) of the ®,,;,.,, eigenfunctions. The two sets of
eigenfunctions are not independent. We can express any eigenfunction
@, ,im as a linear combination of the product eigenfunctions ¢, ¢\, ,
and vice-versa. The coefficients in these expressions, known as Clebsch—
Gordan coefficients, depend on the values of jj, j,, m;, m,, j, m, and
have. been calculated once and for all for the various low-value combina-
tions of the permitted integer and half-integers. A simplifying feature in
the calculation is that @, ; ;, is an eigenfunction of J, with eigenvalue m,
and ¢(1ml anz is also an eigenfunction of J, with eigenvalue m; + m,.
Therefore, in representing @, as a linear combination of the ¢, %,
functions, we do not need all the (2j; + 1)(2j, + 1) terms, but only those
for which m; + m, = - You can do the calculation yourself for the
simple cases j; = j, = 2_, and jy =1, j;=35 3 (Problem 5. 7).

(d) Eigenfunctions of the Hamiltonian

Any function wm, which is an eigenfunction of the operators 7 and I3,
with eigenvalues j;, j5, can be represented in terms of either the P\ jimy g}nz
functions, or the ®; ; ., functions. Since we are usually interested in states
that are eigenfunctions of the Hamiltonian, our choice of representation
is guided by the form of the Hamiltonian, in particular by the presence of
angular momentum terms.

Angular momentum operators arise in the Hamiltonian from magnetic
forces. A particle with angular momentum has a magnetic dipole moment
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proportional to its angular momentum, so the operator corresponding to
the magnetic dipole moment is some constant times the angular momen-
tum operator. The application of an external magnetic field B along the z
axis to a system with two sources of angular momentum J; and J,, gives
rise to terms in the Hamiltonian proportional to J;, and J,,. In addition
there will be interactions between the magnetic dipoles themselves, which
will give a contribution to the Hamiltonian proportional to JJ.
The Hamiltonian may be written in the form

H=H’+n1J, + B, + Bola. (28)

H' is the part of the Hamiltonian that represents the kinetic energy and
the potential energy due to a central force. It contains no magnetic forces.
The term #nJ;-J, represents internal magnetic forces such as spin—orbit
coupling; 7 is a constant that depends on various atomic parameters. The
terms B.J;, and B,J,, are due to an external magnetic field B; the
constants 8, and f3, are proportional to B.

The term. H® commutes with all the angular momentum operators, sO it
plays no part in the discussion. We may distinguish three cases.

(1) No external magnetic field |

The Hamiltonian H = H° + 5J,*J, commutes with the operators 73 72,
J?, I,, but not with J;, or J5,. So an eigenfunction of the Hamiltonian has
the form ®; ,im- That is to say, if we choose to represent the eigenfunc-
tion in terms of the ®,; ., functions, we shall have only a single term in
the representation. If we choose the (P;ll,)m g}m representation, we shall, in
general, have several terms in the expansion. Naturally we would choose

the former.

(2) Very large external magnetic field

By this we mean that the magnetic field is so large that the terms B,J;,
and B,J,, completely dominate the term nJ,'J,. If we neglect the latter
term, the Hamiltonian is H = H® + B,J,, + B»J»,, which commutes with
J? 1s Jz, Jizs Ja;, but not with J2, So an eigenfunction of the Hamiltonian
has the form ¢§},),,,¢§22,),,2 We choose this representation because it contains
only a single term. The @, ., representation would, in general, contain
several terms.

(3) Intermediate magnetic field

For intermediate values of the magnetic fleld the Hamiltonian has the
general form of (28). It still commutes with J: 2, J3, and J,, but not with
Jizy Jags O J?. Therefore, whichever of the two representations is used for
an eigenfunction of the Hamiltonian, it will, in general, contain more
than one term.
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6 Summary — angular mementum in general

Let J,, J,, J, be the operators corresponding to the components of some
angular momentum. It may be an orbital, or a spin angular momentum,
or a resultant obtained by adding two angular momenta, which may
themselves be either orbital or spin or resultant angular momenta. Let
P=7+ Jf_, + J2. Then in all cases the same commutation relations

[]2.’ L] = [st Jy] = [Jza J.]=0, -(29)
[, J,] = ihJ,, etc. (30)

are obeyed. And in all cases the same pattern of eigenvalues for the
common eigenfunctions of J? and J, holds, namely

P = j(j + Dy, Loy = mhdhy,, (31)

where j takes integral values for orbital angular momentum, and integral
or half-integral values for spin or combination of spin and orbital angular
momentum. For a given j, m takes values from j to ~j in integral steps.
In all cases we can define raising and lowering operators by

o=l +il,, J_=1UJ —il, : (32)
which satisfy the relations

Tt = {i(j + 1) = m(m + D)} Phe; i1, (33)

J_@pm = {i(j + 1) = m(m = D)} Phgy, . (34)
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Problems

5.1 A, B, C are matrices generated on the same set of basis functions
by the operators A, B, C. Show that
(@)if C=4 + B, then
(b) if C = AB, then

+ B,
B.

@ Q
:az':nz

5.2 (a) Using the functions ¢y, qbo, ¢_, in Problem 4.2 as basis,
calculate the matrices L,, L L L
(b) Show that the elgenvalues of L, and L? have the expected values.

5.3 The Pauli spin operators o,, g,, 0, are defined in terms of the spin
angular momentum operators S,, S,, S, by o, = 2S,/4, and similarly for y
and z. Consider the case s = 3, and denote the normalised eigenfunctions
of S, by o and B. Use the relations for the raising and lowering operators
(5.33) and (5.34) to prove the following results.

() o,@=p, o,a=ip, o0 = a,
of=a op=-ia, 0,p=-p
(b) The normalised eigenfunctions of o,, g,, 0, are

operator eigenfunctions
o (@+BN2  (a- P2
o, («+ip/V2  (a-iB)/V2
o, o B
The eigenvalues are +1 for the eigenfunctions in the left-hand column,

and ~1 for those in the right-hand column.

(c) The matrices of o,, g, 0, on the basis of  and § are

-~ [0 1 . [0 -i = _[1 0
—_1O,0y-—i 0.9 .z"O_l‘

5.4 P is a beam of atoms with spin quantum number 5 and zero orbital
angular momentum, all with angular momentum +#/2 along tire x axis. Q
is a beam of similar but unpolarised atoms.

(a) What is the spin state function of P in terms of a and S, the
eigenfunctions of §,?

(b) If the two beams are passed separately through a Stern—Gerlach
apparatus with its magnetic field along the z axis, is there any difference
between the emerging beams in the two cases?
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(c) How could the difference between P and Q be detected experi-
mentally?

5.5 The beam Q in the last problem is an incoherent mixture of the
states & and B in equal proportions. Its spin state function may therefore
be written as

¥ = (1 + e26)V2,

where e; and e, are to be regarded as complex numbers of modulus unity
with random relative phases, i.e. they satisfy the relations

lel? = |ex]2 =1, (efey) = (efey) =0,

where the brackets { ) indicate the average over all values of the relative
phase. By expressing v in terms of the eigenfunctions of §,, show that
this state function gives the required physical result, namely, that if an
unpolarised beam of the atoms is passed through a Stern-Gerlach
apparatus with its magnetic field in the x direction, the two emerging
beams contain equal numbers of atoms. -

5.6 A beam of atoms with spin quantum number 3 and zero orbital
angular momentum passes through a Stern-Gerlach magnet whose
magnetic field is along a direction D at an angle 6 to the z axis. The
emerging beam with spins along D is passed through a second Stern—
Gerlach magnet with its magnetic field along the z axis. Show that in the
two beams that emerge from the second magnet the numbers of atoms
with spins parallel and anti-parallel to the z axis are in the ratio
cos*30 : sin%36.

5.7 (a) Let S be the operator for the resultant spin angular momentum
of two electrons, and S, its z component. If @, is an eigenfunction of §*
and S, with respective eigenvalues S(S + 1)#* and M#h, derive the
expression for each ®g,, in terms of the product functions awa, af,
Pa, BB, where the first @ or f refers to electron 1, and the second to
electron 2.

(b) Consider the addition of an orbital angular momentum L and a
spin angular momentum S for the case [ = 1, § = 3. The eigenfunctions of
the operators L2, §%, L,, S, are products of the space functions ¢;, ¢,
¢-; and the spin functions «, 8. Derive the eigenfunctions ®;,, of the
operators L?, $2, J2, J, in terms of the first set of eigenfunctions.

[Hint: In both cases start with the ® function in which S, M (or j, m;)
have their maximum values, and apply the appropriate lowering opera-
tors to both sides of the equation.]
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5.8 A beam of atoms in the state /=1, s =3, j =% passes through a
Stern-Gerlach apparatus in which the magnetic field is small compared to
Eq/ug, where. E, is the spin—orbit energy, (i.e. the energy separation of
the states /=1, s=4, j=3and /=1, s=1, j=3), and Ug is the Bohr
magneton. The four emerging beams, which contain equal numbers of
atoms, are separated and, continuing in the same direction, each passes
through a separate Stern—Gerlach apparatus in which the magnetic fields
are large compared to Eg/us. The direction of all five magnetic fields is
the same and at right angles to the beam.

Into how many beams is each of the four beams further split, and what
are the relative numbers of atoms in the final beams?

5.9 This problem is a calculation of the hyperfine structure of the energy
levels of hydrogen in a magnetic field. Consider a hydrogen atom in the
1s state. Denote the z component of the Pauli spin operator for the:
electron by o,,, and its eigenstates by a. and S,, with corresponding.
notation for the proton nucleus. In the presence of a uniform magnetic
field B in the z direction, the magnetic terms in the Hamiltonian may be
written as

H ='B(He0ez + .u‘popz.) + WO’e'O'p,

where the vector components of o are the Pauli spin operators, and W is
a constant. The first term represents the interaction between the magnetic
dipole moments g, and g, of the electron and proton with the magnetic
field, and the second term the magnetic interaction between the dipoles.
The numerical values of the magnetic dipole moments are py, = ug, and
s = 2.79uy, where py is the nuclear magneton. Since g >> y,, the term
in i, in the Hamiltonian may be neglected. |

Show the following.

(a) For B =0, the eigenstates of H are aa, 8, (aff + Ba)/\/2, with
energy +W, and (af — Ba)/V2 with energy —3W. (The first & or 8 in
each product refers to the electron and the second to the proton:)

(b) For general values of B, the energy values are

Wte —-Wx@W?+ )2,

where € = y. B.

(c) Sketch the energy values as a function of B, labelling the curves
with as much information as possible about the angular momentum of the
states.

(d) Estimate the value of the hyperfine separation 4W (i.e. the
separation of the two energy values at B = 0) from a classical model of
two magnetic dipoles, taking the simple case in which the dipole moments
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are parallel to the line joining them. Compate your result with the
observed value 4W = 5.9 ueV.

5.10 This problem demonstrates the Zeeman effect for a one-electron
atom with the valency electron in a state with / = 1. In the presence of a
uniform magnetic field B along the z axis, the magnetic terms in the
Hamiltonian may be written as

H= “BB(L +28,) + 2;VLS-.

I. and S are the operators for the orbital and spin angular momentum,
and L, and §, are their z components g is the Bohr magneton, and W is
a constant of order poZ*e*#2/4nmZa;, where Ze is the effective charge on
the nucleus, m, is the mass of the electron, and ay is the Bohr radius. The
first term in H is the energy due to the interaction of the orbital and spin
magnetic dipole moments of the electron with the external magnetic field
B, and the second term is the spin—orbit interaction, i.e. the interaction
between the orbital and spin- magnetic dipoles themselves. Denote the
three eigenfunctions of L, by ¢y, ¢, ¢_;, the eigenfunctions of §, by «o
and 3, and the product eigenfunctions by

n= G, 0= g, X = Py,
N=$B  u=b X = 9B
Show the following.
@ LS=3L.S_+L.S,)+ LS,

where L., and L_ are the raising and lowering operators for the orbital
angular momentum, and S, and S_ the corresponding operators for the
spin.

(b) Hx= cuxs H s = coss»
Hyp= cpXs + cuaXs Hys = )y + clss
Hyy= Caaa + Casitss Hys = csuts + Cs5Xss
where
cy =2+ W, Cos = —26+ W,
Cyp=cs5s=—W, C33 = —Cy =&,

Cyy = C32 = Cy5 = Csq = \/ZW, £ = M‘BB'

(c) The eigenvalues E of the Hamiltonian have the values
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W k26, H(e— W) {(c+ W)+ 8W¥,
Ue(e + W) £ {(e ~ W) + BW?)12),

(d) The variation of E with B, (i) for e K W, and (n) for e>> W, is in
accord with the vector model for the case / =1, s = 3
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5.1 (a) From (5.1)

Ci= J‘uf(A + B)y;dr = ju}“Auj dr + ju?‘Buj dr

= Ay, + By, (1)

i.e.
C=A+ B. ()
b) G = j wABu,dr. 3)

The operator B operating on the function w; gives (in general) another
function, which can be expanded in terms of the us themselves, i.e. we
may put

Bu_j = deuk (4)
k

The coefficient dy is equal to the matrix element B,;. We can see this by
multiplying (4) by u} and integrating, which gives

B, = f w!Bu;dt = Edkf whu dr = d,. 5)
= ")
In the last step we have used the (;>rthon'o‘rmal property of the us. So
Bu; = %Bkjuk-. : (6)
From (3) and (6)
Cy=>By f utAugdt = 3 4By, | (7)
Pl

which is the rule for matrix multiplication, i.e.

~

C=A4B. ®)

5.2 (a) The matrix elements are, in general, A;, where i, j take values
1, 2, 3, corresponding to m =1, 0, -1 respectively. To find the elements
of the matrix L, we first note that, from (5.1.6),
Loy = > (L) kiPx- (1)
k

To obtain the elements of the first column of the matrix L,, put j =1 and
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use the first equation in (4.2.2). The coefficients of the ¢s on the
right-hand side are the elements (L,)y, (Ly)y, (Ly)31, in this case 0,
h/\2, 0. The coefficients of the ¢s on the right-hand of the second
equation in (4.2.2), are the elements of the second column, and similarly
for the third column. The matrix is given below.

To obtain the elements for the matrix E-y , we need to find the results of
L, operating in turn on ¢, ¢y, ¢_,. They are obtained from the relation

1,
L, = _2—i(L+ - L.), (2)
and proceeding as in Problem 4.2. The results are

. h
L_y¢1=1_w¢0-,_ L,y = \/2(¢1 ¢-1)s

Ly = —i—= \/2 (3)

As before the coefficients of the ¢s on the right-hand side of each
equation give the elements of each column of the matrix.
Since the basis functions are eigenfunctions of the opeérator L,, the
matrix I, is diagonal, the diagonal elements being the eigenvalues of L,.
The three matrices-are therefore

L, L, I
L0 10 [0 -1 0 1 0 0
1 0 1,—‘--2-1 0 -1, #0 0 0. (4
VZlo 1 o] V2o 1 o 0 0 -1

The matrix for L? may be obtained from the relation

=+ +1 (5)
The matrix L2 is
w0 1 0ffo 1 0 21 0 1
0 1 0|0 1 0 1 0 1

The matrices L2 and L2 are obtained in the same way, and the three
matrices are added to give the matrix I'2, which is.

1 0 0
0 1 0. (7)
0 0 1
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(b) The eigenvalues A of the matrix

0 1 0
1 0 1
0 1 0

are given by the equation

-4 1 0 |
1 —-A 1| =0 (8)
0 1 -A

Multiplying up the determinant we have
M2 —-2)=0, ie. A=0,=*v2 (9)

Multiplying these values by the factor h/\2, we have 0, A for the
eigenvalues of L.

We see from (7) that the matrix L? is the unit matrix multiplied by 2#2.
Thus it has three equal eigenvalues with the value I(I + 1)A%, where
[ =1.

Comment

If we had chosen the eigenfunctions of the operator L, as basis, instead of
those of L,, the matrix I, would have been d1agona1 while L and L,
would not. This reflects the fact that the operators L, L,, L do not
commute, so, apart from the special case ! = 0, no two of these operators
can have the same set of eigenfunctions, which means that we cannot
have more than one of the matrices diagonal..

The operator L? commutes with each of the three component
operators, Since matrices obey the same algebraic relations as the
corresponding operators, the matrix I? must commute with each of the
matrices Lx, Ly, L,. Whichever linear combination of ¢, ¢y, ¢_; we use
as basis, the matrix L? is the same as (7). Since a unit matrix commutes
with any matrix of the same order, we see that the required commutation
property holds for I? and the other three matrices.

5.3 (a) Denote the raising and lowering operators for spin by S, and

S_. They satisfy (5.33) and (5.34) with j = 5, m = %3. Substituting these
values in the two equations and putting
&= @1p1p, p= Dr2,-172s (1)

gives
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S,a=0, S.B = ha,

S_a=hp, §.=0. (2)
Now

S, = EI_(S+ + 5.) S, = —3i(S, — S_). (3)
Therefore

Scox = 3hP, 5.8 = tha,

S,a =548, 5,8 = —}iha. | 4)
Since & and f are eigenfunctions of §, with eigenvalues 13 h we also have

S, =Sha, S,B= —3hp. (5)

The Pauli spin operators are defined by S, = —g—'ax, etc. Therefore

o0 =f, o,0=ip, 0,0 = o,
(b) The eigenfunctions and eigenvalues of the operators o, and o, are
readily obtained from (6). Thus
ox(“a' + ﬁ) = (:a’ + ﬁ)y o (o — ﬂ) = ""(“ - B,
o(@+if)y=(a+if), o, (a—if)=—(a-ip). (7)

Since @ and f are normalised, the eigenfunctions of o, and o, are
normalised by the factor 1/4/2. The eigenvalues follow from 1nspect10n of

(7).

(¢) The matrices G,, ,, &, are obtained from the definition in (5.11),
and the relations in (6) and (5.9). Thus

(ax)aa- = (a’lax“) = (“Iﬁ) =0, (8)
(Ux)aﬁ'-—- (Q"%gﬂ) = (a"d) = 19 (9)

and so on. Alternatively, the matrices may be obtained from (6) by the
same method as in Problem 5.2. Thus to obtain the first column of the
matrix d,, we look at the coefficients of & and § on the right-hand side of
the first equation of (6). They are 0 and 1. The second column is given by
the coefficients of @ and B on the right-hand side of the fourth equation
of (6), namely, 1 and 0. Thus the matrix for g, is

o)
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Similarly for &, and &,. The matrices d,, 0,, &, are known as Pauli spin
matrices.

5.4 (a) The spin state function y; of P is the eigenfunction of S, with
eigenvalue +#/2. So yp = (a + B)/V?2.

(b) No. In each case the two beams emerging from the Stern—Gerlach
apparatus would contain equal numbers of atoms.

(c) The difference between P and Q could be determined by passing each
beam through a Stern—Gerlach magnet with its magnetic field along the x
axis. For beam P all the atoms would emerge in the same channel,
corresponding to x-component of spin angular momentum equal to +#/2.
For beam Q two beams would emerge with equal numbers of atomis. For
this beam the same result would occur whatever the direction of the
magnetic field of the Stern—Gerlach magnet.

5.5 To find the relative number of atoms in the two beams emerging
from the Stern—Gerlach magnet with its magnetic field along the x axis,
we expand the spin state function y in terms of the eigenfunctions of S,.
Thus

v = (e + ef)V2
= ¢y(a + ﬁ)/\/z + cy(a — B)/V2. (1)

The relative number of atoms in the two emerging beams is given by

le1[*/lcal?.
To obtain ¢; and ¢,, we equate the coefficients of @ and §in (1).

e;=c + ¢, € =c;~ Cy ' 2)
So

¢y = (61 + €))/2, ¢y = (e; — &)/2. (3)
Thus

lesf? = el + lea* + (etes) + (efe;)} = 2 (4)
since

e = leof =1, (efe,) = (efey) = 0. (5)

(We have used the result — see the solution to Problem 4.8 - that,
whenever we have the product of two es with random phases between
them, we must average over all values of the phase.) Similarly

s = 5. (6)
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We would, of course, have obtained the same result if we had
expanded 9 in terms of the eigenfunction of S, or indeed in terms of the
eigenfunctions of a spin operator corresponding to any direction in space.

5.6 We first need the Pauli spin operator for the direction D. This is
obtained from the classical result that, if a system has angular momentum
S, along z, and S, along x, its angular momentum along D is

Sp =cos0S, +sinfS,. 1

The algebraic relation between quantum mechanical operators is the
same as between the corresponding classical quantities. Therefore (1)
gives the operator Sy, for the component of angular momentum along the
direction D in terms of the operators S, and S,. The Pauli spin operator
for the direction D is therefore

op =cos 00, +sinfo,. (2)

After emerging from the first Stern—Gerlach apparatus the state of the
atoms is the eigenfunction of op with eigenvalue +1. We therefore
require the eigenfunctions of op. From (2) and (5.3.6)

opa = cos B + sin 6 j3, 3)

opB =sinfa — cos 6 B. (4)
If (aa + bP) is an eigenfunction of o, with eigenvalue 4,

op(aa + bf) = Maa + bf). (5)

From (3) and (4)
op(aa + bP) = (acos 6 + bsinO)a + (asind — bcos B)B.  (6)

Equating the coefficients of & and § on the right-hand sides of (5) and (6)
gives.

acosf + bsin® = Aa, asin@ — bcos6 = Ab, (7
whence

a _  sinf =/I+c0'56. (8)

b A-—cosf sin 6 -

These equations give A = %1, as we expect, because the eigenvalues of op
must be the same as those of o,, 0,, 0,.

When a beam of atoms in the state ¢ = aw + bf is passed through a
Stern—Gerlach apparatus with its magnetic field along the z axis, the
relative numbers of emerging atoms in the states & and § is a?/b%. For
A=1, (8) gives
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a® sin®  \* _ cos?i6
= = . 2la" (9)
b? 1 —cos@ sin“50

If we wish to do the algebra in terms of matrices rather than operators
we use (2) to obtain the matrix op. Thus

5'D = COS 6 52 + Sin Hax

cosf  sinf N
B [sin 6 .—cos-.GJ ' (10)

The eigenfunction equation is

cos 6 sin 0 a .| a
[si’n 8 —cos G:| [b:l N A[bjl ' an
Multiplication then gives the same equations as (7), and the rest of the
calculation is unchanged. This is a demonstration of the essential
similarity of the operator and matrix methods. They are alternative ways
of doing the ‘book-keeping’ and always lead to the same answers.

5.7 (a) We first note that if S;_, S,_, S_ are the lowering operators for
the spin angular momenta of electrons 1 and 2, and for the resultant
angular momentum, then

S_= 8-+ S, (1)
This relation follows from the definition of a lowering operator, and the
fact that each component of a resultant vector is the sum of the
corresponding components of the constituent vectors. Thus
Si- + 8- =81 — 18y + 8 —iS,, = 5, — iS5, = S_. (2)
Now consider the four product functions
aw, af, Ba, BB. ©)

If m,, m, are the eigenvalues of the operators S;,, §,,, then the state oo
corresponds to m, =1, m; = 3. It is an eigenstate of the operator S, with
eigenvalue M = m, + m, =1. The state «f corresponds to m, =3,
m, = —3, M = 0. Similarly for the other two. Thus the four states in (3)
have

M=1,0,0,-1. 4

The two electrons have spin quantum numbers S1=$= % Therefore,

from (5.24), the quantum number for the operator $? has the values
S=1,0. &)
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Each eigenfunction ®g), of the operators $? and S, can be represented as
a linear combination of the product functions in (3) that have the
specified value of M.

Consider the function ®,,. It has eigenvalue M = 1, and since there is
only one product function in (3) with this eigenvalue, ®;; must be equal
to it. Thus

(I)'ll = au. (6)

To obtain the expression for ®y we use (1), applying S_ to the left-hand
side of (6), and §;_ + S, to the right-hand side, i.e.

S_®y = (81 + 5,-)ea. Q)

For a general angular momentum eigenfunction ¢;,, we have — see
(5.34) -

I-tm = {j( + 1) = m(m = D)}V, @®)
Withj=8=1,and m = M =1, (8) becomes
S-Py; = Vth’-w- -(9.)

We now apply S;_ + ;.. to the right-hand side of (6). S;_ operates only
on the first &, which relates to electron 1; it treats the second « as a
constant. Similarly, S, operates only on the second w, treating the first o
as a constant, The state a corresponds to j = m= %, and the state £ to
j =3, m = -1 Inserting these values in (8) gives

(81— + S, )aa = A(Ba + aff). (10)
From (7), (9), and (10) we have the required result
@y = (af + Ba)/V2. (11)

We could proceed in the same way to obtain ®;_;, i.e. we could apply
the operator S. to the left-hand side of (11) and S,_ + §,. to the
right-hand side. But of course it is much quicker to note that there is only
one product with the eigenvalue M = —1, namely 8f. So

@, = Bp. (12)

Finally we require ®y. Since M =0, we know that ®y, is a linear
combination of af8 and Ba. Let paf + gfa be the required function.
Since S_®y = 0, we have

(S1- + S2-)(paB + qBa) = h(p BB + qBP) = 0. (13)
Therefore
p+q=0. (14)
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Thus
Dy = (af — Ba)/V2. (15)

An alternative, and simpler, method, is to make use of the fact that all
the ®s are orthogonal to each other. The functions @4 and @y, are both
linear combinations of af and Ba. To make a function orthogonal to the
right-hand side of (11), we exchange the coefficients, which in this case
are equal, and insert a minus sign, obtaining the result in (15).
(b) Denote the lowering operators for the resultant, orbital, and spin
angular momenta by J_, L_, S_. From (8)

L. ¢ = V2h'¢0_5 L_¢p= \/Zﬁff’—r y L_¢_1=0,

S_.a=hp, S_B=0. (16)
For [ = 1, s = }, the possible values of j are 2, 3.

We start with the ® for the maximum values of j, m;, namely

. . R
j=m= % The function @34, 5/, must be represented by the single product

éigenfunction with my + m, = % So

D352 = Prev. (17)
To obtain @3/2_,_1/2, we use the relation J_ = L_ + S_ and evaluate

J @33, = (L_ + S_)pa. (18)
From (8)

I_ @33 = V3031, (19)

On the right-hand side of (18), L. operates only on ¢; and treats o as a
constant. Similarly, S_ operates only on « and treats ¢, as a constant.
Thus, from (16),

(Lo + S_)¢ner = h(V 2o + 1), (20)
whence.

Dy = (V2o + ¢:8)/V/3. _ (21)
We obtain @3/, _,/, by the same procedure.

J_ @31 = (L_ + S_)(V2¢0a + ¢:18)/1/3, (22)
which gives

D351 = (D1 + V2¢08)/V/ 3. (23)
Clearly

(Da/z,—a/z = ¢, 5. (24)
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The eigenfunctions @y, ,/, and @/, _,/, are most easily obtained from
the orthogonality condition. ®y,,,, is orthogonal to ®/,,1/,. Thus

@11 = (P — V2¢:8)/V3. (25)
Similarly ®,, /, is orthogonal to @5/, _y/,. Thus
Oyp1p = (V2010 = $o)/V3. (26)

The results of this problem are summarised in Table 5.1.

Table 5.1. Expansion of the eigenfunctions ® in terms of the product eigenfunctions
for the two cases.in Problem 5.7.

S = 5§ = %
M; S=1 S=0

1 oo

(af + Ba)/V2 (aB - Ba)/V2

-1 BB
I=1,s= %
m; i=3 j=3

3/2 . o

1/2 (V2o + ¢:B)/V/3 (v — V26, 8)/V3
~1/2 (P10 + V2¢0B)/V/3 (V2¢-1a — $oB)/V3
-3/2 o8
Comment

It is stated on p. 76 that a spin state function may be regarded as a vector
in Hilbert space. Such a representation is not restricted to spin functions.
Any set of N orthonormal eigenfunctions of a Hermitian operator may be
regarded as a set of unit vectors in an N-dimensional Hilbert space.
Moreover, we may use functions which are products of space and spin
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eigenfunctions as unit vectors. For example, the set of six orthonormal
functions,

¢1“7 ¢00(, ¢~1ws ¢1ﬁ’ ¢0/3’ (p—lﬁr (27)

may be taken as unit vectors in a six-dimensional Hilbert space. They are
said to span the space, meaning that any vector in the space represents a
linear combination of the six unit vectors. The set of functions in (27) is
not unique for spanning this space. Other orthonormal sets of six
functions, each set being a linear combination of the states in (27), may
be used as unit vectors. The set of ®s in the second half of Table 5.1 is an
example of aniother such set.

5.8 When a magnetic field B is applied along the z axis to an atom, the
Hamiltonian has the form

2W .
h? '

H=H%+ a

S,) - @)
The notation and the physical origin of the terms is explained in Problem
5.10. The constant W is of the order of the spin—orbit energy E;. (The
solution to Problem 5.10 shows that E; = 3W in the present case.) The
force, and hence the deflection, of an atom in a Stern—Gerlach apparatus
with its magnetic field gradient along the z axis is proportional to the
z-component of the magnetic dipole moment of the atom. If B is small
compared to Eg/ug, the Hamiltonian is effectively of the form
+ (2W/Kh*)L-S, and the eigenfunctions are the @, functlons — see
p 80. The beam entermg the first Stern—Gerlach magnet has j = 3. The
magnetic dipole moment is proportional to m;. So four beams emerge
from the first magnet, corresponding to the values m; = 2 3, —1, —. Their
states are represented by the functions ®35 35, 35112, P3pp—125 <I>3/2,_3/2
If B> Ey/ug, we may neglect the term in L-S in the Hamiltonian,
which becomes

H=H+ “BB B2 (L, +28). @)

The eigenfunctions are the product functions of Problem 5.7(b), namely
Pm, and ¢, B, where m; =1, 0, —1. For each of the four Stern—Gerlach
magnets, the atoms entering are in a state ®,, , and the atoms in each
beam that emerges are in a state given by one of the product functions.
We use the results of Problem 5.7(b) to express ®,, in terms of the
product functions. The number of emerging beams is equal to the number
of terms in the expansion, and the relative number of atoms in each beam
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is given by the square of the coefficient of the term. For the beam
entering with m; = 3, we have

Dypap = Gia. (3)
So this beam is not split. For the beam m; = %, we have
Dap1p = (V2P + $1)V3. 4)

So this beam is split into two, with relative number of atoms 2:1. Similarly
the beam m; = —1 is split into two, with relative number 1:2, and the
beam m; = ~3 is not split.

The results are summarised in Fig. 5.1. The numbers in bold are the
numbers of atoms in each beam expressed as a fraction of the number
entering the first weak-B magnet. Note that for a given ®,, s €ach ¢, @,
in the expansion has the same value of my + m; = m;, but a different
value of m; + 2m,, and hence experiences a different deflecting force in
the strong- B magnet. |

m my Mg mpemg mp+2mg
A, T T
S A2 ap e 0
1
w Anz2_ i 12 ap 0
s V6, o an 2 1
I Va4 ap ap 2

Fig. 5.1. Results for Problem 5.8. W is a Stern-Gerlach magnet with a weak
magnetic field, and S is one with a strong magnetic field, A number in bold gives
the number of atoms in the beam as a fraction of the number entering the weak-B
Stern-Gerlach magnet. '

59 (a) When B=0, H = Wa, 0,. Use the results in (5.3.6), remem-
bering that an e (electron) operator operates only on the first & or 8, and
a p (proton) operator operates only on the second « or . Then

0 0,00 = (0o Op, + Oy Op, + 0¢, Oy )X

= BB - Bf + ax = auw. 1)
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Similarly
o, 0,0 =200 — af, (2)
0. 0,fa = 2ap — Pa, 3)
0.:0,6 = PP, @)
whence
0. 0(af + Pa) = aff + pa, (5
0. 0,(af — fa) = —3(ap — o). (6)

So the states aw, (af + Ba)V2, BB are normalised eigenfunctions of
Wo, 0, with eigenvalue W, and the state (¢ — Ba)}/2 is a normalised
eigenfunction with eigenvalue —3W.

Alternatively we may use the fact that the operator g, 0, commutes
with (@, + 0,)* — see (5.25) — and therefore, from the reSults of Problem
5.7(a), its eigenfunctions are aa, (af + b’oz)\/z BB, (af — Ba)V2. It
only remains to find the eigenvalues. We have

0.0, = ;5:{('0'0: + ap)z - de - Gp}' (7)
Then, if ® is any one of the four eigenfunctions,
0. 0,0 =3{S(S + 1) — ;- 3}, (8)

where § = 1 for the first three eigenfunctions, and § = 0 for the last one.
(The factor 4 arises because a Pauli spin operator is 2/k times the
corresponding angular momentum operator. So, in units of #, the
eigenvalue of the square of a Pauli operator is 4 times the eigenvalue of
the square of the angular momentum operator.) Eq. (8) becomes

o0, =0, S=1, ©)
0.0,%=-30, §=0, (10)
which gives the same two eigenvalues as before.

(b) When B is not zero, the Hamiltonian is H = ¢o,, + Wa, 0, We
have

0. 0O = e, o..0f = af,

OB = —Pa, 0., BB =—PpP. (11)
From these results and those of (1) to (4)

Haa = (¢ + W)aa, (12)

Haf = (e — W)ap + 2W Bw, (13)
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Hfa =2Waf — (¢ + W)Ba, (14)
HBB = (—& + W)BP. (15)

Egs. (12) and (15) show that @a and BB remain. eigenstates. Their
respective eigenvalues are W + ¢, W — ¢.

Egs. (13) and (14) show that the matrix of H on the basis of the
functions &8 and Pa is

e—-W 2w
2w —(e+ W) |

It is readily shown that paf + gB« is an eigenvector of this matrix with

eigenvalue A, where

A+ W= _ 2W _
2W A+ W+e (16)

9 -
p

whence

—e+ (4W? + )2

- —W + 2 23172 _ 4q _
A W + (4W* + %)/, and » AW

(17)

For B=0, i.e. £=0, A=W, —3W as before, and q/p = %1, giving the
same eigenfunctions as before.

(c) The energy values
W +s, (4W? + {-;2)"1./2 - W, W —&g, "‘(_4W2 + .82-)'1/2 -w

are shown schematically as functions of B in Fig. 5.2. For e = uyg B << W,
the energies are, to first order in &/W,

W+e W, W —¢g —3W, (18)

i.e. the triply degenerate eigenvalue W is split into three, one staying
constant and the other two varying linearly with B, with equal and
opposite slopes. The other eigenvalue —3W remains constant. For
pgB > W, the energiestend to e+ W,e— W, —e+ W, —g—~ W,

The angular momentum information comes from the eigenstates. We:
have seen that, for B =0, the eigenstates are the functions ®,;, ®y,
®,.;, Py of Problem 5.7(a). For the lines a and c in Fig. 5.2, the
respective eigenstates are ®,; = a«a and P,_; = 8, for all values of B.
For curve b, the eigenstate at B = 0 is ®yy, and for yg B > W it is a8, or,
expressed more accurately, it tends to o as B tends to infinity. At
intermediate values of B, the eigenstate can be expressed either as a
linear combination of the states ®,, and @y, or as a linear combination of
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energy T

Ba

B ——»

Fig. 5.2. The hyperfine structure of the energy levels of hydrogen in a magnetic
field B. As B— 0, the eigenfunctions of the Hamiltonian tend to ®gy; the three
states tending to the energy W have S = 1, and the state tending to —3W has S = 0;
the M values are as shown. As B — «, the eigenfunctions tend to the product
eigenfunctions of 0., 6, the first function in the product shown refers to the
electron, and the second to the proton.

the states o and PBa. Similarly, for curve d, the eigenstate at B =0 is
®y, and for ug B > W it is Ba. Again, at intermediate values of B, it can
be expr‘e’ssed either as a linear combination of the states ®;, and @y, or
as a linear combination of the states @3 and Ba.

(d) For two magnetic dipoles with moments g, and p,, a distance r
apart, and aligned as shown in Fig. 5.3, the potential energy given by
classical electromagnetism is

Ho He ;
=g 4

So the change in energy when one of the dipoles is reversed is

AE =2U = B Kelp, (20)
m r
He By
—— e

r

Fig. 5.3. Arrangement of magnetic dipoles of the electron and proton.
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Note that, the state in which the spins of the electron and proton are
aligned (§ = 1), corresponds to the magnetic dipole moments g, and g,
being in opposite directions, i.e. to positive value of UU. This is in accord
with the previous result that the S = 1 states have higher energy than the
§ = O state.

Take r = a,, the Bohr radius. Inserting the values on p. 1, together
with g, = ug, and p, = 2.79%uy, gives

AE =35%x10"%] =22 ueV, (21)

This differs from the observed value 4W = 5.9 ueV by a factor of nearly
3, but it is of the right order of magnitude, which is all we can expect
from a classical calculation. The quantum mechanical calculation is given
in Bransden and Joachain (1983), p. 241, and the result agrees with the
measured value to about 0.1%.

Comments

(1) The results for ug B 5> W have a simple physical interpretation. If we
take W to be zero, the energy values correspond to the independent
alignment of the magnetic dipole moments of the electron and proton
either parallel or antiparallel to the direction of the magnetic field B,
which is along the z axis. The energy is positive when the magnetic dipole
moment is opposed to B. The electron state a corresponds to the spin
angular momentum vector along +z. For the negatively charged electron,
the magnetic dipole moment is then in the direction of —z. So the states
a, b in Fig. 5.2, which correspond to the electron state «, have higher
energy than the states ¢, d. The same reasoning applies to the alignment
of the spin angular momentum of the proton, but, since the proton has
positive charge, its magnetic dipole moment is in the same direction as its
angular momentum vector. So, for the proton, the state B has a higher
energy than @. The reason this is not true for the curves a and b is the
neglect of the term Bu,0,, in the original Hamiltonian. If this term were
included, then, for very large values of B, the B state would have the
higher energy. For the same electron state, the separation of the energies
of the two states with opposite proton spins is always small compared to
the separation of the states with opposite electron spins, because the
magnetic dipole moment of the proton is about 1/660 that of the electron.

(2) The value of 4W, the hyperfine separation, is obtained experiment-
ally by measuring the frequency of the electromagnetic radiation that
brings about transitions between the states S =1 and § = 0. Putting
4W = hv gives

v = 1420 MHz, (22)
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which is in the microwave region. The value of v has been determined to
a very high degree of precision — a few parts in 10", The wavelength
corresponding to this frequency is 21 cm, and measurement of the
intensity of this radiation from regions in outer space provides informa-
tion on the distribution of hydrogen in the universe.

(3) The affect of a magnetic field on the frequency of spectral lines is
known as the Zeeman effect after its discoverer, who originally observed
it in sodium. The Zeeman effect in the 21 cm line- of hydrogen is used by
astronomers to detect the magnetic field in the interstellar clouds of
hydrogen in our Galaxy. The magnetic field is extremely small, being
about 107° to 10™°T. The difference vy in the frequencies of the
transitions from the levels S =1, M = *+1 to the level $=0, M =0 is
only a few hertz for such magnetic fields. The spread in frequency of each
line, mainly due to the Doppler effect of the moving atoms, is of the
order of 10° Hz. Nevertheless, Vg can still be measured - at least
approximately — because the two lines are circularly polarised in opposite
directions, which enables the detecting apparatus to determine vy
directly.

510 (a) L-S=L,S, + LS, + L,S,
= 3{(L; +iL,)(S, — iS,) + (L, — iL,)(S, + i8,)} + L.S,
= 3(L+S_ + L_S,) + L,S.. (1)
(b) From (1) the Hamiltonian is

H=2(L, +25)+ %(L& + L_S, +2L,8,). )

For the operators L, and S,, we have

Lz(pl = h(p-l’ szf’.o = O¢y, L_z(p—l = —he¢_,,
S, = 3ha, S.B = —3hB, (3)

and we use (4.2.1) and (5.3.2) for the results of the application of the L,
L_,S.,and S_ operators.

To obtain Hy; = H¢,o, we calculate the result of each term in H
operating on ¢;a. Thus

%(Lz + 2Sz)¢1w = 2(})1(1/3, (4)

%(,L,,sz_ + L_S.)¢a=0. . 5)
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This result follows because L, ¢, = 0, §,.a = 0. Finally

1 .
",FLzsz‘t’l o= '%¢1a’-

From (2) to (6)
Hy = (2e + W)¢ya,
i.e.
cnu=2e+W.

HXI = C11X» where

For y, = ¢, we have
'il;—-(Lz +25)¢B=(1-1)=0,

%(LJ- + L_8,)¢1f = zero + V2pa,

1. » ,
hjLzSz‘Plﬁ = _%‘Plﬁ"
Thus

Hy,=-W¢ B+ VZW%'“ = CnXs + CnXa

(6)

(7)

(8

9

(10)

(1)

(12)

where ¢y, = ~W, and ¢y ={/2W. The rest of the results follow in a

similar way.

(¢c) The cs are the matrix of the operator H on the basis of the ¥s. From

the results of (b) the matrix is

T2+ W | 0 0 0 0 0o |
0 -W V2w 0 0 0
0 ivaw ¢ 0 0 0
0 0 0 ~&  \2W 0
0 0 0 V2w -w 0
0 0 0 0 0 ~2e+ W |

(13)

The matrix factorises into two single-element matrices at the top left- and
bottom right-hand corners, together with two 2 X 2 matrices. These are
indicated by the dashed lines in (13). The two single-element matrices
have eigenvalues W + 2¢, and W — 2¢, corresponding to respective
eigenfunctions y; and x,;. For the matrix of the elements ¢y, ¢, €3, €33,
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the eigenvalues A are given by

-W -2 2w
V2W 2/— 2| =0 (14)
Multiplying up the determinant we have
(A + WY(A — &) =2W?, (15)

with solution
—dr. _ (o 4 T2 2112
=s5le—-W £ {(__s. + W)° + 8W-}Y4]. (16)

Similarly, the matrix of the elements cu, c45, €54, Css has eigenvalues A,
given by the roots of the quadratic equation

A+ WA + ) =2W?, (17)

i.e.
= H{—(e+ W) £ {(e = W)* + 8W2}. (18)

(d) (i) Forek W,

{(e + WY+ 8W?} 2 = (OW? + 2eW) 2 =~ 3W + § (19)

{(e— W) + W12 =~ (OW? — 2eW)V? =~ 3W — g (20)
So the values of E tend to

W2, Wi % 2w + £ e

For ¢ < W, the expression given by the vector model for the energy
due to the magnetic field B is

E e = 8Mip B, (22)
where the quantity g, known as the Landé g factor, is given by

_1+1(1+1)+s(s+1)—l(l+1)
2j(j +1)

See Haken and Wolf (1987), p. 204 for a discussion of the vector model.
For B =0, the four states with energy W in (21) correspond to j=3

Inserting this value, together with / =1, and s = } into (23) gives g = £,

The values of m; in (22) are 2 5 -1 3 For these four values, the values

of Eyn, in (22) are

g (23)

2¢, T, —&3, 2 (24)
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which agrees with the variation of E with B for the first four terms of
(21). For B =0, the two states with energy —2W in (21) correspond to
=3, giving g= 2 This value, together with m; = 4 -1, gives Ep, = £/3,
— /3, which agrees with (21).

(ii) For e>» W,
{(e+ W) + 8WH 2 =g + W, (25)
{(6— W)Y +8WHV2 = g - W, (26)
Thus the values of E tend to
2e+W, & ~-W, =W, —¢g =2+ W. (27)

In the vector model, for € > W, the magnetic dipole moments due to
orbital and spin angular momentum precess independently around the
magnetic field vector B. This gives rise to magnetic energy

Epeg = (my + 2m,)up B. - (28)
The my, m, values of the states with the six energies in (27) are

1,3, 04 -1,3 1,-3 0,-} -1,-% (29
For these combinations, the values of E,,, are

26, ¢ 0, 0, =—g —2¢, (30)

which agree with the terms in € in (27).

Comments

(1) Clearly the analysis of this problem is very similar to that of Problem
5.9. The present problem involves more algebra, because we are dealing
with the angular momentum quantum numbers 1 and 3. There are six
product eigenfunctions (or six @ eigenfunctions), whxch means a 6 X6
mamx for H. In the previous problem the quantum numbers were 3 ; and
1, with four eigenfunctions, and a 4 X 4 matrix for H.

(2) The six energy values in the present problem are shown as
functions of B in Fig. 5.4. For all values of B, the eigenfunction of H for
the line 4 in the figure is ®;530 = ¢y, and for the line f it is
®;5 3 = ¢-1 8. The eigenfunctions for the other four curves are linear
combinations of the x product functions (or of the ® functions). For
example, the eigenfunction for curve b has the form

Vo = ar 1 + asyar. @31
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Pnj'

j 32
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=3/2
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1/2

energy T

-1/2.
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upB<W | — upBoW

I

o B —
Fig. 5:4. Energy levels of a p electron as a function of the magnetic field B. For
up B << W, the eigenfunctions of the Hamiltonian are the states ®, with the
quantum numbers shown in the enlarged diagram at the top. For ugB > W, the

eigenfunctions are the product states X (¢, o or ¢,, ) with the quantum numbers
shown on the right.

The coefficients a, and a5 are functions of B. For B =0

a, = \/%, as = %; (32)

s0 1, is the function @351, (result of Problem 5.7(b)). As B is increased
from zero, a, rises and a, falls. For yg B > W, a; tends to unity, and a,
to zero, so that the eigenfunction for the curve b becomes the state ¢,a.
For a fixed value of B, the eigenfunction for curve d is orthogonal to that
of b, since they are eigenvectors of the matrix in (13). Thus

Ya = as f — a, . (33)

For B =0, v is the function @, 15, and for uy B >> W, v, tends to . B.
Similar statements can be made for curves ¢ and e.

Note that, for each of the six curves, the quantum number
m; = m; + mg, has the same value for all values of B. This is because the
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operator J, = L, + S, commutes with J2, and with L, and .S,. It therefore
commutes with the Hamiltonian for all values of B.

(3) The variation of the energies given by the theory and shown in Fig.
5.4 may be verified experimentally by studying the wavenumbers of
spectral lines when a magnetic field is applied. For example, the two
sodium D lines are due to transitions between the 3p;, and 3s,, states
(D, line), and between the 3p,; and 3s,4 states (D, line). (The notation
3py, means n =3, I =1, j =3/2.) When a magnetic field is applied, the
energy levels of the 3ps, and 3p,p states split according to the present
theory. The 35y, state splits into two, corresponding to m; = +3. Since
[ = 0 for this state, there is no spin-orbit or L, term in the Hamlltoman,
and the energy may be calculated directly. For ug B << W, the effect of
the magnetic field is known as the anomalous Zeeman effect, and, for
ug B > W, as the Paschen—Back effect. The effects are described in many
textbooks of quantum mechanics and atomic physics - see for example
Bransden and Joachain (1983), p. 207. Briefly, for ugB << W, the
selection rules give the result that the D, line splits into six and the D,
into four (for observations at right angles to B). The splitting of each line
is small compared to the separation of the D; and D, lines themselves.
When B is increased so that uz B ~ W, this ceases to be true; the two sets
of lines overlap, and the pattern becomes complicated. When ug B > W,
the pattern simplifies again to three equally spaced lines.

(4) The wavenumber separation of the two D lines in sodium is
¥=1720m™, Converting this to an energy and equating it to ug By, we
have

By= My, (34)

Mg

which gives the order of magnitude of the magnetic field dividing the
anomalous Zeeman and Paschen-Back regions. The value in (34) is a
large magnetic field. So for sodium it is usually the anomalous Zeeman
effect that is observed. However, for lithium, the wavenumber separation
of the 2py, and the 2py, states is 34m™, giving By =0.73T. It is
therefore relatively easy to observe the anomal_ous Zeeman, intermedi-
ate, and Paschen—Back behaviour in this element.
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Approximation methods.
Time-independent perturbation
theory, variational method

Summary of theory

1 Time-independent perturbation theory
The method is used when the Hamiltonian of a system has the form
H=HO® + HO, (1)

where HY) << H®, and the eigenfunctions u; and eigenvalues E; of H?,
given by

HO; = Eu;, ‘ (2)

are known for all j. Let ¢ be an eigenfunction of H with eigenvalue E,
i.e.

Ho=E¢. 3)

The method is to express E and ¢ as a series, thus
E=E® 4+ ED L F@Q 4 (4)
p= ¢ + ¢D 4 ¢ + .., (5)

In these expressions, E©® is E,, one of the E; values, and ¢ is the
corresponding u,. (Assume for the moment that E, is non-degenerate.)
The other terms with superscript (r), are proportional to the rth power of
matrix elements of the operator H") on the basis of the states u,, and are
known as rth-order terms. We shall be concerned only with the terms
E®, 0 and ED,

The theory gives the following results.

E® = (n|HO|n), - (6)
oW = > cu, (7)
j#n

109
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where
_ (JIHYn)
¢ = En . E} ’ (8)
-0 = < [UGIH n)? |
Ef g E=E )]

If the unperturbed energy E, is degenerate, we cannot use these results
as they stand, because in (8) and (9) the denominators are zero for some
of the terms in the summation, and the quantities become infinite. The
method then proceeds as follows. Suppose the unperturbed energy E, is
g-fold degenerate, i.e. the states u,;, Uy, . . ., U, have the same energy
E,. We find g orthogonal, linear combinations of these states — call them
where p takes the values 1 to g - such that

np»
(Vup| HD|v,g) =0, for p # q. (10)
Then
EY = (0| Hv,,), p=1t0g. (1)

The value of E g) may be different for some or all values of p, i.e. the
perturbation Hamiltonian may partially or fully remove the degeneracy in
the unperturbed energy. Note that the states v,,, like the u,,, are
eigenfunctions of H® with the same eigenvalue E,. The unperturbed
function ¢© for a particular p value is v,,. The first-order function ¢V is
given by the same expression as (7) and (8), except that the state |n) in
the matrix element is replaced by |v,,), and, in the summation over j, all
the g degenerate states are excluded.

2 Variational method

'The method is used to obtain an upper bound for Ej, the energy of the
ground state of a system whose Hamiltonian H is khown, but the
eigenfunctions and eigenvalues of H are not known. The method is to
guess a plausible state function i to represent the eigenfunction of the
ground state. Then for the function 1, the expectation value of the energy
is

(H) = (ylH|yp). (12)

The theory shows that ( H) = E,, the equality holding only if ¥ happens
to be equal to the ground-state wave function. If ¢ contains a variable
parameter 8, then ( H) depends on §. The variational method is to vary
B, and find the minimum value of { H), which is again greater or equal to
Ey. If v is a function of several parameters By, ..., B,, each f is varied
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in turn, and the overall minimum is again an upper bound for E;. If there
are sufficient variable parameters, the minimum is expected to be a close
approximation to E,. The method can be extended to obtain an upper
bound for the energy of a higher level, but it is then more complicated, as
it is necessary to make the trial function orthogonal to the eigenfunctions
of all the lower states.
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Problems

6.1 The potential function of a one-dimensional oscillator of mass m,
and angular frequency o, is
V(x) = 3kx? + cxt,
where the second term is small compared to the first.
(a) Show that, to first order, the effect of the anharmonic term is to
change the energy E; of the ground state by 3c(#/2mm)*.

(b) What would be the first-order effect of an additional term in x* in
the potential?

6.2 A particle of mass m moves in a one-dimensional simple harmonic
potential V@ = jkx?, w1th angular frequency w = \/(k/m). A small
perturbing term V(l) = 36k x? is added to V©,

(a) Show that the first- and second-order perturbations to the energy of
the ground state are

(1) = _1_6’( (2) ék
E % hw, E ( A hw.

(b) How do these expressions relate to the exact expression for the
energy?

6.3 A particle of mass m and charge e oscillates in a one-dimensional
harmonic potential with angular frequency .

(a) Show, using perturbation theory, that the effect of an applied
electric field & is to lower all the energy levels by e2£%/2ma?.

(b) Compare this with the classical result.

6.4 Use first-order perturbation theory to show that, for the atom
conmdered m Problem 5.10, the varlatlon of energy with magnetic fleld B
is 2¢, 2, 38_ —2¢ for the j =3 state, and 38, ~1e for the j =3 state,
where ¢ = uyg B<< W.

6.5 1If spin effects are neglected, the four states of the hydrogen atom
with n = 2 have the same energy E°. Show that, when an electric field &
is applied to hydrogen atoms in these states, the resulting first-order
energies are

E° £ 3apel, E°, E°.
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6.6 Suppose that in the last problem the states u,;y and u,y are not
degenerate, but have energies E° + A and E® — A,

(a) Show that the matrix of H® + H on the basis of these states has
eigenvalues

B £ V(A7 + &),
where £ = 3ayel.

(b) Compare the limiting values of these eigenvalues for (i) ¢>> A, and
(ii) € << A with the results of perturbation theory.

(c) Sketch the form of E°+ (& + A%)'Y2 as a function of £, labelling
the curves with as much information as possible about the eigenvectors.

(d) If the wavenumber separation of the states uy, and uyy is 36 m™!,
calculate the value of the electric field for £ = A.

6.7 The effect of the finite size of the nucleus is to raise the energies of
the electronic states from the theoretical values based on a point nucleus.

(a) Show from first-order perturbation theory that, if the proton is
regarded (for simplicity) as a thin uniform spherical shell of charge of
radius b, the fractional change in the energy of the ground state of the
hydrogen atom is 4b*/3a;.

(b) Why is the fractional energy change so much greater for a y~
meson orbiting a lead nucleus?

6.8 (a) Taking a trial wave function proportional to exp (—fr), where 8
is a variable parameter, use the variational method to obtain an upper
limit for the energy of the ground state of the hydrogen atom in terms of
atomic constants.

(b) Comment on your result.

6.9 It was shown in Problem 3.3 that for an attractive one-dimensional
square-well potential there is at least one bound state. Use this result and
the variational principle to prove that there is at least one bound state for
a one-dimensional attractive potential of any shape.
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Solutions

6.1 (a) From (6.6)

E® = (n|HY|n) = c(0|x*|0). (1)
Use the annihilation and creation operators. From (4.17)
[ n N2 W .
Therefore

(0]x*0) = ( :: ) (O|(a + a")(a + a')(a + aP)(a + aD)]0). (3)

If the operator A is the product of a number of as and a's in some
arbitrary order, then

(n,A’n> =0, (4)

unless the number of as and the number of a's are equal. For if they are
not, Aln) is a state different from In), and hence orthogonal to |n).
Furthermore, a product operator like a taa'a also gives zero when n =0,
because a|0) = 0. Therefore, the only non-zero contributions to (OIx"IO)
come from the two terms aaa’a’ and aa'aa’. From the relations

allny =V(n+Dln+1), aln) =yn|n-1), 5)
it is readily verified that

(0laaa'a'l0) =2, (0lan'aa®|0) = 1. (6)
From (1), (3), and (6)

EW = 3c( an:w )2. (7)

(b) The first-order effect of a term in x? in the potential is zero. This is
true for any odd power of x; because the operator A above is then the
product of an odd number of as and a's, so the number of as and a's

cannot be equal.

6.2 (a) The Hamiltonian is H = H® + HY, with HY =}k x2. The
basis states are the eigenfunctions |n) of H©®, the Hamiltonian for the
unperturbed simple harmonic oscillator, These functions are orthogonal

and normalised, i.e.
(nln") = Opy. 1)
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From (6.6), the first-order energy term is

EW = (n|HO|n) = 26k(0/x*0), )
since the unperturbed state is the ground state n. = 0. From (4.9.13)
23iny R
=1 3
(Olx?j0) = = ®3)
Thus
EW = 15k P _ 10k, (4
E '26k22mw s ho. (4)

The second-order energy tetm is

5O | (1)|2 5)
=S EE ®)
HY = 16k(j|x2|0) = Jok-—(jl(a + a®)(a + a"|0). (6)

2mw

Since j cannot be zero, the ladder Propertles of the operators a, a’ show
that only j =2 gives a non-zero H ». The pair of operators that converts
0) into |2) is a’a’. From the relatlon

a'lny =V(n+1|n +1), (7)
we have
fa'l0) = v2[2). (8)
Thus
W _ V2. _h
Further
E, =%hw, E,=3ow. (10)

Inserting these values into (5) gives
(2 h ok _
E® = —(8k) ——; ‘cu3 —16( T ) hw. (11)

(b) We do not need perturbation theory to solve this problem. The
calculation can be done exactly — and more simply. The ground-state
energy of the unperturbed oscillator is

k\"? ,
Eo;=%hw=%h(;) . (12)
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So the energy of the perturbed oscillator is

k + 6k)‘/2

E = zh(
ok

B

The binomial expansion in the last line is valid only when 8k <<k, i.e.
when HO « HO,

We see that the terms in 6k/k and (6k/k)’ in (13) correspond
respectively to the 1st and 2nd order energies in perturbation theory.
Normally we are not able to obtain an exact solution of the problem,
which is why we resort to perturbation theory. The present calculation
shows that, when 8k << k, perturbation theory provides a good approxx-
mation to the correct energy.

6.3 (a) The potential due to the applied electric field & is
HWY = —elx, €))

Let the unperturbed state be |n), an eigenfunction of the Hamiltonian
H® for a simple harmonic oscillator, From (6.6), the first-order change
in the energy is

EW = —el{n|x|n) =0, 2)

from the reasoning of Problem 6.1(b).
We therefore look at the second-order correction, From (6.9) this is

@ _ (1)|2
E , 3)
2E - E E,, °E
where
H},l,') = —el{j|x|n). )

As in the previous two problems we express x in terms of the operators a
and a' by means of (4.17), and use the orthogonal properties of the
eigenfunctions |n). The matrix element {j|x|n) is zero unless x|n)
contains a term in |j). It therefore follows that the sum over j in (3)
contains only two terms, namely j = n % 1. From (6.1.2) and (6.1.5)

x|n) = (h2ma)2{\/n|n — 1) + V/(n + D|n + 1)}. %)
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So

(n+1)x|n) = (h2mw) P\ (n + 1),

(n — 1lx|n) = (A/2ma)2yn. ©)
Further

E, — E,.,= —hw, E,— E,_,=ho. 7

From the results of (3) to (7)

et

In fact the present problem, like the last one, can be solved exactly in
quantum mechanics without recourse to perturbation theory, and the
calculation shows that the expression in (8) is the correct value for the
energy change.

E® = ezzﬁz_—z%a;hiw{“(” + 1)+ n}=-

(b) Classically the potential function is

V =imatx? — Cex, 9)
which has a minimum when
%:Ci = me’x — Le =0, i.e. when x= nf(f)z . (10)

Thus for £ = 0, the equilibfium position is x = 0 with energy E =V =0,
and for & = & the equilibrium position is x = fe/mw?*. Substituting this
value of x in (9) gives

ez (52

2ma? (11)

It can be seen that the classical and quantum results are the same, which
is not surprising as the quantum result does not contain 7.

E=Vmin=“

6.4 Denote the Hamiltonian by H® + H® where H® represents the
non-magnetic terms plus (2W /4*)L-S, and

HY = (L, +28,). 1)

A set of eigenfunctions of the operator H®, corresponding to j =3, are
the four functions listed in Table 5.1, p. 96. They are
‘D3[2,3:/2 = ¢, (2)
D1 = Vigoa + Vigy B, 3)
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Dypp1pp = Viga + VidoB, “)

Dyp-3p = ¢-1B. )

The functions have the same eigenvalue for H®. We therefore need to
apply the procedure of degenerate perturbation theory, i.e. we have to
choose linear combinations of the four ®s — denote them by v,, g =1to 4
~ such that, for each g, H"v, is orthogonal to v, (g’ # g). Then

ED = (gl HO|g). (6)
We first calculate H"®; ,, , using the results
L,¢n = mho,, S.,o=3ha, S,B=-P. (7
Thus
HO®y, ., = (o0 + pra)e = Qe )
HO®yp,p = (VidiB + Vidoow = VidnBle = (Vida)e,  (9)
HO®y 1y = ~(Vitohe, (10)
HO®yy 3y = (—2¢-,P)¢. (11)

It is clear that the four ®s satisfy the required condition as they stand, i.e.
they are the four vs. We could have deduced this without calculating
HW®, . , because the operator (L, + 2S,) commutes with J,. Therefore,
when H® operates on @, ,, it gives an eigenfunction of J, with the same
m; value, which is orthogonal to one with a different m;,.

However, we still need the results of (8) to (11) to obtain the first-order
energy values. We. use the result that the functions ¢,a and ¢, are
orthogonal and normalised. Then

m;=3/2, EW={(¢a|HV|¢ya) =2e(pya|pya) = 2¢, (12)
m=1/2, E®=e(\igxr + VitnflVioar) =3e,  (13)
m=~1/2, EW = —&(Vig_ o + VigoBlVitnB) = ~3e, (14)
m; = -3/2, E® = =2&(p_,Blo_1B) = —2¢. (15)

The first-order energies for the two j =3 states are obtained in the
same way. The two eigenfunctions of H® are given in Table 5.1. They
are

Dipip = Videa — Vieh, (16)

D12 = Vid-10 — VigoB. (17)
Then

HO, 10 = (Vigoa)e, (18)
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HO® ;1 = —(VigoB)e, (19)
giving

m;=1/2, EW=1g, (20)

m;=—1/2, EW = - (21)

The results (12) to (15) and (20), (21) agree with those in Problem 5.10(d)
for e << W - see (5.10.21).

6.5 The Hamiltonian HV for an electron with charge —e in an electric
field & along the z axis is H" = elz. Therefore, the first-order energy
charige for the state u,,, in the hydrogen atom is

ED = el f U i LU AT = 0. (1)

The result follows because the state u,, has a definite parity, which is
positive for even I and negative for odd !. Since z has odd parity, the
integrand in (1) has odd parity, whatever the parity of u,,,, and the
integral over all space of a function with negative parity is zero. We can
obtain a non-zero value for E®¥ only from a state of mixed parity, i.e.
from a linear combination of states with opposite parities.

Denote the four states of the problem by uyq, Uz 1, Uz, Uogg-
Numbering them from 1 to 4, we first evaluate the matrix elements H (9
on the basis of these functions. Since the four us have definite parity, the
diagonal elements H =, Moreover, ; commutes with L,, so both u,,
and zu,,, are e_1g_enfunction-s of L, with the same eigenvalue mh,
Therefore, since the u functions with different values of m are ortho-
gonal, it follows that the only non-zero off-diagonal matrix elements are
those corresponding to functions with the same value of m, namely, us4
and u,y. To evaluate them we need the explicit forms of the functions
given on pp. 52 and 54. Then, putting z = r cos 6, we have

H 5-14) =H %). = el J‘ UZ102U200 AT

1\
= ec@(—l——) J‘ cos? Bsin 0.d8
2(10 ' :

0

f: (2 - a) exp( ao) dr

= —3elaq. (2)

In evaluating the integral in » we have used the result
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f r" exp (—-—) dr = nlad*!. 3)
0 o
The matrix of H) on the basis of the four u states is thus
0 O 0 0
0 0 0 0 .
0 0 0 -] (4)
0 0 -¢ 0

where £ = 3ela,.

Since the four unperturbed states have the same energy, we apply
degenerate perturbation theory. The eigenvalues of the matrix H
the first-order energy corrections, and its eigenvectors are the l1near
combinations of the us that give the correct unperturbed wave functions.
It is clear from the form of the matrix in (4) that two of the eigenvalues
are zero, with corresponding eigenvectors uy;; and wuy._;. We need
consider only the part of the matrix that relates to iy and uyg, i.€.

[f’.g '{f]- )

It is readily shown that the eigenvalues A of this matrix are

A=g, with eigenfunction (550 — t00)/V2, (6)
and

A= —g, with eigenfunction (1559 + Up00)/V/2. (7)

The function u,;, has negative parity, while u,y has positive parity, so the
two eigenfunctions have mixed parity.,
To first order the energies are thus E°, E°, E® + 3ela,, E° — 3ela,.

Comments

(1) The effect on the enetgy levels of an atom is known as the Stark
effect. We see from the above reasoning that there is a first-order effect
only when there are degenerate states with different values of /. The
degeneracy in hydrogen occurs because the electrostatic potential for the
electron, due to the nuclear charge, has a simple 1/r dependence.
However, in alkali atoms, the.prese-née of the inner electrons changes the
potential of the valency electron from the 1/r form for states with low /
values, where the valency electron penetrates the inner shells. Hence the
first-order Stark effect does not occur for these states.

(2) The first-order Stark effect for the n =2 states in hydrogen means
that for these states the atom behaves as though it has a permanent
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electric dipole moment of magnitude 3ea,, which can be oriented either
parallel, antiparallel, or at right-angles to an external electric field. In
general, the ground states of atoms and of nuclei are non-degenerate, so
it follows that they do not possess a permanent electric dipole moment.

The second-order Stark effect, which we have not discussed, occurs in
general in all states. It gives an energy term proportional to &2, which
corresponds to an induced electric dipo‘le moment.

6.6 (a) The matrix of H® + H" on the basis of uy and uyyy is

E'+ A —¢
—€ E°—A |

The H® operator gives the diagonal elements. The results of the last
problem give the off-diagonal elements, which come from the H
operator. We find the eigenvalues and eigenfunctions of the matrix in the
usual way. If pu,y + quyg is an eigenfunction with eigenvalue A, then

A—-E°—A _ ~¢

9 - -
p - -t A—E°+ A’ ()
whence
A= E"+1/(A? + &),
(b) (i) For £>> A, we have
_ 2\1/2 A2
(& + A = .5(1 ' _L;_) ~er & @)

So the energy values are approximately E° + ¢ &+ (A?/2¢). The first two
terms are the same as those obtained in the last problem by degenerate
perturbation theory. This is to be expected, since for £>> A the initial
energy separation of the two states is small compared to the perturbation
energy. The effect of a small non-zero A is shown by the term A?/2¢,

(ii) For £ «< A, we have

2 23122 e\ \ £

Y = —] = —. 3
(e* + A%) A(1+A2) A+2_A (3)
The energy values are approximately EO + A % (£/2A). In this situation,
when the initial energy separation of the two states is large compared to
the perturbation energy, there is effectively no degeneracy, and hence no
linear Stark effect. The quadratic term £(€2/2A) is the same as that given
by second-order perturbation theory. In the expression for E? in (6.9),
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(jlHY|n) = —¢, while E, — E; is 2A for the initial state u,,, and —2A
for the initial state u,q.

(c) The expression E° + (2 + A?)Y2 js sketched as a function of & in Fig.
6.1. For £ << A the curves are quadratic, while for £ >> A they tend to the
straight lines given by degenerate perturbation theory. The eigenfunc-
tions come from (1). Substitution of the limiting values of A shows that for
the upper energy curve the eigenfunction tends to u,,y as &/A tends to
zero, and to (uy9 — Ug)/\V2 as &/A tends to infinity. The corresponding
limiting eigenfunctions for the lower energy curve are uy, and
(10 + Uon)/ V2.

EO+A

) T E®
energy

EO-A

& —»

Fig. 6.1. The variation of energy with electric field & for near degeneracy of the
unperturbed states ujqg, Uy of hydrogen. For € =3ajel << A, the curves are
quadratic, while for £>> A, they are linear. The dashed lines show the result for

A=0.

(d) A wavenumber separation ¥ corresponds to an energy separation

2A = chv. (4)
For
£ = 3aped = A, (5)
_ChV 108 -1
L= bea 1.4 x10°Vm™L. (6)
Comments

(1) This problem illustrates the procedure in a perturbation calculation
when two or more states are almost degenerate. The first-order energies




Solution 6.6 123

are the eigenvalues of the matrix of H(! for the quasi-degenerate states,
and the eigenvectors of the matrix are the required linear combinations of
the state functions that must be used for the unperturbed wave function.
In this way the perturbed wave functions will tend smoothly to the
unperturbed functions as the perturbation H M tends to zero.

(2) The present calculation for the splitting of the n =2 states in
hydrogen is not quite correct, due to spin—otrbit effects. The Dirac theory
of the electron, which incorporates the spin, shows that there are two
energy levels for the n = 2 states, but the corresponding states are not as
simple as in the present problem. The four p,, states have the higher
energy, while the two p;, states and the two sy, states have the lower
energy. (Actually, there are further refinements. A quantum electro-
dynamical effect, known as the Lamb shift, causes the s, states to be
raised by 3.5 m™! above the p, states, and the spin of the nucleus causes
all eight states to be further split by about 0.5 m™!, But we shall ignore
both these effects here.)

The difference between the two energy levels is 36 m™ as stated in the
problem. The method of the present problem can be used to calculate the
first-order energies. The calculation is straightforward, though somewhat
laborious. The matrix of H® + HW is calculated on the basis of the eight
states. Fortunately, the 8 X 8 matrix factorises into two identical 3 x 3
matrices, and two one-element matrices. The results for the energy
eigenvalues are shown in Fig. 6.2. As can be seen, there is no linear effect
for the upper unperturbed energy level, because it has only / = 1 states.

P3n
energy T

P_l/z,_ S'1/2

Fig. 6.2. The Stark effect in hydrogen when spin—orbit forces aré included. Each
energy curve is doubly degenerate.
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However, the lower energy contains both /=1 and [/ =0 states, and
there is therefore a linear effect. Each of the curves in the diagram is
doubly degenerate, corresponding to a space state, which determines the
energy, multiplied by the spin state « or §.

6.7 (a) For a point nucleus the potential is

2
O 1
v dmey r (1)
For the thin uniform spherical shell the potential is
, e2 1 e? 1
f= _-— ¥ > b, = — < b. 2
=Ty 70 VT E gy TP @

The perturbation potential is therefore
YOy - yO < € (-—1— - }—) r<b,
= r>b. 3)

The first-order correction to the energy of the ground state is

EW = ]ui‘} Vy, dr, 4)
where
uys = (1/mag)? exp (—r/a,). (See pp. 52 and 54.) (5)
Thus
4 €2 2. (1 1 .
BV = e fo r ( : b») exp (—2r/ag)dr. (6)

Since b/ay = 10~5, the exponential term may be replaced by unity over
the range of integration, and the integral becomes

b 2
[ (r: - -"_) dr = 1p2, 0
Jo b '
The ground-state energy for a point nucleus is
2
o~ _ ¢ 1 |
E drey 2a ®
From (6), (7), and (8)
E® _ 4p? _
- ©)

E(O.) - _3_2)' :




Solutions 6.7 t0 6.8 125

The value of b is about 107 m; the Bohr radius a; = 0.53 x 1079 m,
These values give EW/E® ~5x 1072, So the fractional change in
energy is negligible in this case.

(b) The Bohr theory gives the result that for a particle of mass m in orbit
round a nucleus of charge Ze, the radius is proportional to 1/ Zm. The
Schrédinger equation gives the same result. Therefore, for the u~ atom,
the quantity g, must be replaced by

— b
Zm#

where m, and m, are the respective masses of the electron and the
p-meson. Z = 82 for lead; m, = 207m,. Therefore a = a,/(82 x 207) for a
p-meson in lead. The radius of the nucleus varies roughly as A where
A is the mass number, which is about 208 for lead. Thus b is about 6
times larger for lead than for hydrogen. Inserting these factors in (9) gives
EM/E® of the order of unity for a y-meson in lead. Since perturbation
theory is valid only if EV/E® « 1, the calculated numerical value would
not be valid in this case — it merely indicates that EV) is of the same order
as E©. Experiments confirm this conclusion. For example, the measured
value of the energy of the X-rays corresponding to the K, transition for a
pg-meson in lead is about 6 MeV, compared to the theoretical value for a
point nucleus of 16 MeV.

6.8 (a) The upper limit of the energy of the ground state is the minimum
value of the expectation value of the energy as 8 varies. Denote the trial
wave function by

Y = Aexp(—pr), ' (1)
where A is a constant. Its value is obtained from the normalising

condition

[ lyrar=1, | )

space
Since i depends only on r, we put

dr = 4rridr, (3)
and (2) becomes

8mA? |
i @

47TA'2'I rlexp(—2Br)dr =
0
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In evaluating the integral we have used (6.5.3). Thus

3
2= B
A o &)
The Hamiltonian for the hydrogen atom is
#2 e? 1
=~ V2 - —.
2me drey r (6)

The expectation value of the energy for the function vy is

2 a 82 1 .
(E)—4nAfexp( ﬂr)( 5V )exp( Bryrtdr. (7)

47r£ r

Since exp (—fr) depends only on r, we need only the r-dependent part of
the operator V2, which is d?/dr? + (2/r)d/dr. Thus

VZexp(—fr) = (ﬁ’2 2 )eXP( Br). (8)
Inserting (5) and (8) in (7) gives |

(E) = 4/33{ [ rhenp(<26r)dr

+ (ﬁh2 ~ .ez )fr'ex‘p(-—Zﬂr)dr}
0

me 4mg

h2
2me

47rs

_ K e,.2 |
- 2meﬂ2 47T,80ﬁ ' ©)

Then
d(E) _ BB _ €
dg me  4mg

2

=0, when f=-2° (10)

41780h2 .

Inserting this value in (9) gives

_omef e Y |
(E anin = "2h?(?tw_so) (11)

e? 1 _
87780 ay’ (12)

where
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drey h?
do = 3
et m,

is the Bohr radius. (13)

(b) The expression in (11) is in fact the correct value of the ground-state
energy of the hydrogen atom. The reason for this is that the trial function
exp (—fr) is the correct form of the ground-state wave function. As can
be seen, the expectation value of the energy is a minimum when f = 1/ay,
and exp (—r/ag) is the actual wave function for the ground state of the
hydrogen atom.

6.9 Denote the attractive potential of arbitrary shape by V' (a function
of x) and the attractive square-well potential by V,. Then the Hamilto-
nians for the two potentials are

H=T+V, and H,=T+V,. (1)

where T is the kinetic energy operator.

Let vy, be an eigenfunction of Hg with energy E,, which is negative.
From the result of Problem 3.3 there must be at least one such
eigenfunction. Now

j WH(T + V)y,dx = E,. )

Let E, be the ground-state energy for the potential V. By the variational
principle, the expectation value of the energy for any wave function is
greater than or equal to Ey. So

Jw;“(T + V), dx = E,. | 3)

From (2) and (3)
jw.;“(V - V)pydx = E, — E,. (4)
HoweQer shallow the square well there is always one bound state for it.

Therefore, since V is a negative function of x, we can make V — V|
negative for all x. In which case [|y,2(V ~ V))dx is negative. So, from

(4)

E, — E, < negative quantity. (5)
Since E| is negative, it follows from (5) that Ej is negative, i.e. there is at
least one bound state for the potential V.




7
Identical particles, multielectron
atoms

Summary of theory

1 Symmetric and antisymmetric states

Suppose we have a system of two particles (1) and (2), with (1) in a
normalised single-particle state u,, and (2) in a normalised single-particle
state u,. The state of the system is

W1, 2) = u(1)up(2)- D)
If the particles are exchanged, the state of the system becomes
¢(29 1) = ua(z)ub(l)a (2)

which, in general, may be quite different from the original state function,
However, if the particles are identical bosons (particles with zero ofr
integral spin), the state function must be symmetric, i.e. it must remain
the same when the two particles are interchanged. If they are identical
fermions (particles with half-integral spin), the state function must be
antisymmetric, i.e. it must change sign when the two particles are
interchanged. If there are more than two particles, the state function of
the system must be symmetric for bosons (or antisymmetric for fermions)
for the interchange of each pair of particles in the system.

We can readily construct symmetric and antisymmetric state functions
from a function such as (1). Thus

W(1,2)s = {9(1,2) + (2, D}/V2

is a symmetric function, (3)
W(1,2)5 = {¥(1,2) — (2, D}/V2

is an antisymmetric function. (4)

The 1/4/2 factor is to preserve normalisation. Note that, if the two
particles are in the same single-particle state, i.e. a =5 in (1), we can
only have a symmetric state, because in this case

128
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Y(l,2)=vy2,1), and W(1,2), =0, (5)

which corresponds to no state.

FFor three identical particles we use a similar notation. The state of the
system when particle (1) is in a state u,, particle (2) is in a state u,, and
purticle (3) is in a state u,, is written as

¥(1, 2, 3) = u,()up(2)u.(3). (6)
Similarly |
lP(z, 3, 1) = ua(z)ub(s)uc(l)s (7)

and so on. In.other words, we adopt the convention that we keep the
states in the same order a, b, ¢, and the order of the numbers in the
argument of 1 tells us which particle is in each of the three states.

For three particles, the symmetric and antisymmetric functions are

¥(1,2,3)s = [{v(1,2,3) + w(2,3,1) + (3, 1, 2)}
+ {¥(2,1,3) + ¥(1,3,2) + 93,2, DI/VEY. 8)

W(1,2,3)5 = [{v(1,2,3) + 92,3, 1) + y(3, 1,2)}
— {w(2, 1,3) + ¥(1, 3, 2) + 9(3, 2, D}V (3. ©)
For the symmetric function, all six terims have the positive sign. For the
antisymmetric function, the rule for finding the sign of a particular term is
to change pairs of numbers until the sequence 1, 2, 3 is obtained. The sign

is positive or negative depending on whether the number of changes is
even or odd. For example,

2,3,1-3,2,1—-1,2,3 2changes (2,3, 1) is positive,
2,1,3>1,2,3 1change (2, 1, 3) is negative.

The procedure is readily generalised to n particles. We write down the
n! permutations of the order of the numbers in ¥(1, 2, . . . n), and add all
the terms for the symmetric function. For the antisymmetric function, we
add or subtract the terms according to whether the number of pair
interchanges necessary to reach the sequence 1, 2, . . . n is even or odd.

2 Symmetry of angular momentum states for two
identical particles

The results in the first part of Table 5.1 (p. 96) show that, for two
identical particles with spin s; = s, =3, the resultant states § =1 are
symmetric, and the state § =0 is antisymmetric with respect to the
interchange of the two particles. We now show that this is part of a
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general pattern. Consider the case of two identical particles with angular
momentum /; = [, =1, giving a resultant L =2, 1, 0. It is easy to see that
the L =2 functions are symmetric. Clearly, in the nomenclature of
Problem 5.7, the function with L =2, M, =2 s

(DZ:,Z = ¢‘1 ‘pl y (10)

which is symmetric. Moreover, the function ®,; may be obtained by
applying the lowering operator L_ = L,_+ L,_ to both sides of (10).
Now the lowering operator is itself symmetric with respect to the
interchange of the two particles, so when it operates on a function it
leaves its symmetry unchanged. Therefore, since ®; , is symmetric, ®,; is
also symmetric. In the same way, @, has the same symmetry as ®,,, and
$0 on. So, for a given value of L, the symmetry of the ®s is the same for
all the values of M;. The symmetry depends only on the value of L.
The function ®,, is given by |

Dy = (o1 + P100)/V2. (11)
The function ®,,, being orthogonal to ®,,, is ‘
Py = (¢0¢1 - ¢1¢o)/ \/2, (12)

which is an antisymmetric function. So by the previous argument the
three L =1 functions are antisymmetric. The reasoning may be con-
tinued. The function ®y, which is orthogonal to both @, and Py, is
symmettic.

The general result is as follows. If we have two identical particles with
angular momentum quantum numbers j; = j, = j, then the resultant
quantum number J takes values J =2j, 2j — 1, 2j — 2, ... 0. The states
J =12j are symmetric, the states J=2j — 1 are antnsymmetrlc and the
symmetry continues to alternate as J decreases. Note that the present
results apply whatever kind of angular momentum the quantum number j
represents, whether it be orbital, spin, or a combination of the two.

3 Multielectron atoms

By multielectron atoms in the present context we mean atoms with two or
more electrons in the unfilled or valency shell. The calculation of the
energy levels of these atoms is complex. The forces involved are the
electrostatic interactions between the nucleus and the electrons, and
between the electrons themselves. In addition there are the magnetic
spin--orbit forces. The calculation proceeds in two stages.

In the first, known as the central field approximation, all the magnetic
interactions are neglected, and the actual electrostatic interactions are
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replaced by a spherically symmetrical potential, which, for a given
electron, represents the electrostatic force due to the nucleus and the
average of those due to all the other electrons. The eigenfunctions of this
zero-order Hamiltonian H'® are specified by the electronic configuration,
which gives the number of electrons in each shell. For example, the
electronic configuration of oxygen in the ground state is (15)*(25)°(2p)*,
meaning that there are two electrons in the 1s shell (n = 1, I = 0), two in
the 2s shell (n =2, [ = 0), and four in the 2p shell (n =2, I =1). All the
electrons in ‘the same shell have the same energy in the central field
approximation,

The second stage of the calculation uses degenerate perturbation
theory, the Hamiltonian H being the sum of the corrections V"’ to the
electrostatic terms in H (0-)',_ and the magnetic interactions P. The form of
the resulting eigenfunctions follows from the commutation relations, and
depends.on the relative magnitudes of V' and P.

(a) LS coupling

If P« V', we have what is known as LS eoupling. The operators L, L,,
52, 8., which commute with V’, also commute with HY, (This statetent
and the ones that follow are strictly true only for the extreme case of
P =0.) Thus the state functions (eigenfunctions of the Hamiltonian) are
characterised by single values of the quantum numbers L, M, represent-
ing the total orbital angular momentum of the electrons, and its z
component. We say that L and M; are good quantum numbers.
Similarly, S and M, are good quantum numbers. On the other hand, the
operators J%, and J3, representing the total (orbital plus spin) angular
momentum of each of the valency electrons, do not commute with H®,
(For simplicity we restrict the discussion to the case of two electrons in
the valency shell.) The state functions are, in general, mixtures of states
with different values of j;, j,. The condition for LS coupling, i.e.
P K V', applies to the majority of atoms and to all light ones. A set of
states with the same L, S values and different values of J is known as an
LS multiplet. If P were zero, all the states in the multiplet would have the
same energy, but the small non-zero P causes a small splitting of the
energies. -

The values of L, S, J for the ground state are given by Hund's rules.
These are, first maximise S, then maximise L. Thirdly, J = |L — §| if the
shell is less than half full, and J = L + S if the shell is more than half full.
The maximum values of S and L are subject to the condition that no two
electrons may have the same pair of values for m, and m,. If the shell is
exactly half full, the rules lead to the result L =0, J = S.
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The notation used to specify the values of the quantum numbers L, S,
J of a state in LS coupling is **'L;, where L is the conventional letter
for the L value, i.e. S for L=0, P for L =1, D for L =2, and so on.
Thus 2Py, represents the values L =1, § = 3 J=3

(b) jj coupling

When P> V', we have ji coupling. The operators J2, Jizs J2, Ja,
commute with H (strictly only when V' = 0), while the operators L?,
L,, 5% S, do not. Thus the state functions are characterised by single
values of the quantum numbers j;, j,, but are mixtures of states with
different values of L, M;, S, M;. A set of states with the same j;, j,
values and different values of J is known as a jj multiplet. If V' were
zero, all the states in the multiplet would have the same energy, but the
small non-zero V' causes a small splitting of the energies. Only a few
atoms, with high values of the atomic number, obey jj coupling. The
quantum numbers of a state in jj coupling are specified as (j;, J,, J).

(c) Intermediate coupling

For a few atoms P~ V', a situation known as intermediate coupling.
Here, none of the o‘perat’brs L, M,,S, Mg, Jf, Jizs J%, J,, commutes with
the Hamiltonian. The operator J?, representing the resultant overall
angular momentum of the electrons, commutes with AV, whatever the
relative values of V' and P.
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7.1 (a) Show that for a system of two identical particles, each of which
can be in one of # quantum states, there are

n(n +1) symmetric,
and

in(n — 1) antisymmetric
states of the system.

(b) Show that, if the particles have spin I, the ratio of symmetric to
antisymmetric spin states is (I + 1):1.

7.2 Two non-interacting particles, with the same mass m, are in a
one-dimensional potential which is zero along a length 2a, and infinite
elsewhere.
(a) What are the values of the four lowest energies of the system?.
(b) What are the degeneracies of these energies if the two particles are
(i) identical, with spin 3,
(ii) not identical, but both have spin 3,
(iii) identical, with spin 1.

7.3 Two identical non-interacting particles are in an isotropic harmonic
potential. Show that the degeneracies of the three lowest energy levels
are

(a) 1,12,39, if the particles have spin3,

(b) 6,27,99, if the particles have spin 1.

7.4 The p° meson has spin 1, and the 7° meson has spin 0. Show that the
decay

= +7°

is. impossible.

7.5 The 7~ meson interacts with the deuteron from an s orbital state to
form two neutrons.

(a) Show that the neutrons are in thestate L =1,8=1,J=1.

(b) Hence deduce the intrinsic parity of the 7.
[The 7~ has spin 0, and the deuteron has spin 1.]

7.6 Calculate the degeneracy, and list the possible *5*! L, values for each
of the following electronic configurations.
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(a) 252p, (b) 2p3p, (c) (2p)2, (d) (3d)", (e) (3d)".

For each configuration, verify that the sum of the number of states of
each ¥*+! L, combination is equal to the degeneracy of the configuration.

7.7 The electronic configuration of the ground state of nitrogen is
(15)2(2s)°(2p)"

(a) What is the degeneracy of this electronic configuration?

(b) List the permitted products of single-electron states for the
electrons in the 2p shell in order of decreasing M, value.

(c) What are the possible **1L; values for the electronic configura-
tion?

(d) Which set has the lowest energy?

7.8 The lead atom obeys jj coupling, and has two electrons in the 6p
shell in the ground state. What are the possible j;, j,;, J values for this
electronic configuration?

7.9 In the shell model, the ground state of the nucleus O is
represented by three ds, neutrons outside closed shells. Given that the
nucleons obey jj coupling, calculate the possible values of the spin of the
ground state of the nucleus.

7.10 In the ortho form of the hydrogen molecule the spin wave function
of the two nuclei is symmetric, and in the para form it is antisymmetric,
The internal motion of the molecule may be represented by that of a rigid
rotator. The eigenstates of the latter are the spherical harmonics Y}, and
the corresponding energy eigenvalues are /(I + 1)A*/21, where I is the
moment of mertia of the molecule about an axis through its centre of
mass, perpendicular to the line of the nuclei.

(a) Show that, in an equilibrium mixture of light hydrogen at tempera-
ture T, the ratio of n,, the number of para molecules, to n,, the number
of ortho molecules, is

> @0+ 1) exp{-I( + 1)x}

ﬂp - 1 { even
"o 3 5021+ 1)exp (-1l + D)x}
- odd
where
K1 . - .
X == _ZTkB—T’ kg is the Boltzmann constant.
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(b) At a temperature of 20.0K, an equilibrium mixture of light
hydrogen consists of 99.83% of the para form. Calculate the separation
distance of the two nuclei in the molecule.

(c) Assuming the distance between the two nuclei is the same for light
and heavy hydrogen, calculate the percentage of ortho molecules in an
equilibrium mixture of heavy hydrogen at the same temperature.

7.11 What are the degeneracies of the two lowest rotational energy
levels of HD (the hydrogen—deuterium molecule)?

7.12 The trebly ionised ion of praseodymium has two electrons in the 4f
shell.

(a) Use Hund’s rules to. calculate the values of L, S, J for the ground
state of the ion, and find the value of the Landé g-factor.

(b) Show that, when a magnetic field B=1T is applied to a
praseodymium salt at temperature T = 300 K, the thermal average of the
component of the magnetic moment of a praseodymium ion in the
direction of B is, to good approximation,

__1,2J(J+1)B
=38 Ug——F—F kT
where up is the Bohr magneton.

(c) Estimate the magnetic susceptibility of the salt per mole of
praseodymium for these values of B and T.
[Hint: Use the result that the probability that an ion has a quantum
number M, is proportional to the Boltzmann factor exp(—E/kgT),
where E is the magnetic energy for the value ‘M;. Assume that, at the
temperature of the problem, kg T is small compared to the LS multiplet
spacing. |
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| Solutions

7.1 (a) If there are n single-particle states, there are n symmetric states
in which both particles are in the same state. The number of symmetric
states in which the particles are in different states is equal to the number
of ways we can select two objects from #, i.e. 3n(n — 1). So the total
number of symmetric states is

n+in(n = 1) =in(n + 1). (1)
The number of antisymmetric states is 3n(n — 1), because states in which
both particles are in the same state are excluded.
(b) If the particles have spin I, there are n = 21 + 1 single-particle states
(corresponding to the 27 + 1 different m values that give the component

of spin angular momentum in any direction in space). Therefore the
number of symmetric states is

ng = (I + 1)(2I + 1), - (2)
and the number of antisymmetric states is
n, = 121 + 1). 3)

The ratio of symmetric to antisymmetric states is thus (I + 1)/1.

7.2 (a) The single-particle space wave functions must be zero at x =0
and x = 2a. They have the form

P(x) = -\-/%sin(nﬂx/Za); 1
where 7 is a positive integer. The corresponding energy is n? E,, where
7’h? .
Ey=——
¢ Smaz (2)

- see Problem 3.1. Denote a state for the two particles by »n;, n,, which
stands for

Y&, 12) = = sin (m7x,/2a) sin (nymx;/2a). 3)
The state has energy

E = (n + nd)E,. (4)

The four lowest energies are thus
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n, ny, EJE,

1,1 2
2,1 5
2,2 8
3,1 10

(b) (i) The state function may be expressed as a product of a space
function and a spin function. Since the particles are identical fermions,
the state function must be antisymmetric. Thus if the space function is
symmetnc the spm function must be antisymmetric, and vice versa. For
= 1, the results of the last problem show that there are three symmetric
and one antisymmetric spin functions. (They are the functions listed in
the first half of Table 5.1. As can be seen from the table, the S=1
functions are symmetric, and the § = 0 function is antisymmetric.)

The space state 1,1 must be symmetric. Therefore the overall state is
the 1,1 space state multiplied by the antisymmetric S =0 state. The
degeneracy is thus one. The specific form of the normalised state function
is

Y= \/2 — sin (7x1/2a) sin (7x,/2a)(af — Bev), (5)
where the first « or 3 in a product gives the spin state of the first particle,
and the second « or f gives that of the second particle.

The space state 2,1 can give either a symmetric or an antisymmetric
function. The former must be paired with the § = 0 spin state; the latter
with one of the three $ = 1 spin states. So the degeneracy of the second
energy value is four. As examples, the specific forms of two of the four
state functions are

P = 2_-141—{Sin (2mx 1/2'(1) sin (7x,/2a)
+ sin (7x,/2a) sin 2mx,/2a)}(«f — Ba), (6)

Y= \/2 ———{sin (27x/2a) sin (nx2/2a)

— sin (7x1/2a) sin (27x,/2a) } aar. 7

In general, the degeneracy of an energy corresponding to a space state
ni, n, is one if #; = n,, and four if n, # n,.

(ii) If the particles are not identical, there is no restriction on the
symmetry of either the space or spin part of the state function. If n, # n,,
there are two space states with the same energy. Thus
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-‘—11— sin (27x,/2a) sin (mx,/2a) and —‘11— sin (7x,/2a) sin (2mx,/2a)

are permitted space states with the same energy. Each may be coupled
with any one of the spin functions awa, af, Ba, B8, giving an overall
degeneracy of eight. If n, = n,, there is only one space state, so the
degeneracy is four.

(iii) The state function of a system of identical particles with integral
spin is symmetric. So a symmetric space function must have a symmetric
spin function, and vice versa. From (7.1.2) and (7.1.3), for two identical
particles with / = 1, there are six symmetric and three antisymmetric spin
functions. The space function 1, 1, being symmetric, must be paired with
one of the six symmetric spin functions. As before, the space state 2, 1
can give a symmetric or an antisymmetric function, so the spin function
can be symmetric or antisymmetric, giving a degeneracy of nine. Similarly
the states 2, 2 and 3, 1 have respective degeneracies six and nine.

The results are summarised in the table.

Degeneracy
Energy
E/E, @ @) (i)
2 1 4 6
5 4 8 9
8 1 4 6
10 4 8 9

7.3 As shown in Problem 4.10, the state of a single particle in an
isotropic harmonic potential can be characterised by a trio of non-nega-
tive integers n,, n,, n;. The state has energy (n + Dhw, where
n.=n; + n, + n;. The three lowest energies correspond to

n ny, Ny Ry
0 0 0 0
1 1 0 0
2 2 0 0

1 1 0

Each trio of integers (apart from the first) may be rearranged to give
another state with the same energy. For two non-interacting particles, the
space state is a product of two single-particle states. The energy of the
state is the sum of the two single-particle energies.
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(a) For spin } particles, the overall wave function is antisymmetric. The
ground state corresponds to both particles in the state 0,0,0, which we
write as (0, 0, 0)(0, 0, 0). Since this is a symmetric function, the spin state
is the singlet antisymmetric state. So the ground-state energy is non-
degenerate.

The next energy level corresponds to one particle in the state 1,0,0
and one in the state 0,0, 0, i.e. to (1, 0, 0)(0, 0, 0). Since the two particles
are in different space states, we can make the space state for the pair
either symmetric or antisymmetric. As we saw in part b(i) of the last
problem,; this gives rise to four space—spin functions. But the integer 1 in
the space function can also occur in the second or third position. So the
total degeneracy of this energy is 3 X 4 = 12.

The next energy level can be obtained with the following combinations
of single-particle states.

(2,0, 0)(0,0,0),

(1, 1, 0)(0, 0, 0),

(0,1, 0)(0,0,1) (the two 1s in different positions),
(1,0,0)(1,0,0) (the two 1s in the same position). (1)

The first three combinations correspond to the two particles being in
different space states. Each therefore gives rise to 12 states as before. The
fourth combination corresponds to both particles in the same space state,
and therefore to a single space-spin state. But we multiply by 3, because
the two 1s can be in each of the three positions. So the total degeneracy
of this energy level is (3 X 12) + 3 = 39.

(b) For two identical particles with spin 1, there are six symmetric and
three anti-symmetric spin functions. The overall space—spin function must
be symmetric. For the ground state there is a single symmetric space
function, which is combined with one of the six symmetric. spin functions,
giving a degeneracy of six.

For the next energy level, the state (1,0,0)(0,0,0) can give a
symmetric. or an antisymmetric space function,; which is combined with
one of the nine spin functions. Multiplying by 3 for the three positions of
the 1 gives an overall degeneracy of 27. For the next energy level, each of
the first three combinations listed in (1) gives 27 space—spin states. For
the last combination in (1) there are six space-spin states, just as for the
ground-state energy, which is multiplied by 3 for the three positions of the
1. So the overall degeneracy of the energy level is (3 X 27) +
(3 x 6) =99.
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7.4 The p’ meson has spin 1, and the #” meson has spin 0. Therefore, if
the decay were to occur, the two 7° mesons would have tobe inan L = 1
orbital state in order to conserve angular momentum. However, an L = 1
state has odd parity, which is an antisymmetric space function. (For a
system of two particles, the parity and symmetry of the space function are:
the same, because reflecting the wave function through the origin
interchanges the two particles. Reflecting a spin through the origin leaves
it unchanged, so the parity of a spin function is always positive.) Since the
mesons have zero spin, the spin state function is symmetric. Therefore the
overall state function is antisymmetric. But the #° meson is a boson and
must have a symmetric state function. The decay is therefore impossible.

7.5 (a) The reaction is
7~ +d—n+n. (1)

The #~ has spin 0, and the deuteron has spin 1. So the total spin of the
left-hand side is § = 1. The particles interact from an s-orbital state, i.e.
L = 0. Therefore J =1 for the left-hand side, and, by conservation of
angular momentum, this is the J value for the right-hand side.

The neutron has spin %, so the spin of the right-hand side is § = 1 or 0.
We can rule out § = 0, because that is an antisymmetric spin state, which
requires a symmetric space state, i.e. an even value of L. This would give
an even value of J, so angular momentum would not be conserved. The
symmetric spin state § = 1 requires an antisymmetric space state, i.e. an
odd value of L. The only odd value, which combined with § =1 gives
J=1,is L=1.

(b) The deuteron consists of a proton and a neutron in an L = 0 state,
which has positive parity. Therefore the parity of the deuteron is positive.
(The intrinsic parities of the proton and the neutron are positive.) Since
the 7~ and the deuteron interact from an L = 0 state, the overall parity of
the left-hand side is the same as the intrinsic parity of the #~. The
right-hand side consists of two neutrons in an L =1 state; its parity is
therefore negative. The reaction occurs via the strong nuclear force,
which conserves parity. So the intrinsic parity of the 7~ is negative.

7.6 (a) A 2s electron has n=2, /=0, s =3 with two states cor-
responding to m, = + A 2p electron has n =2, I =1, s = 3, with six
states given by m; =1, 0, —1, m, = %3 (The n value is not relevant to
the number of single-particle states.) Each 2s state may be combined with
a 2p state and an antisymmetric function formed from the combination.
So the degeneracy of the electronic configuration is 2 X 6 = 12.
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To obtain the L, §, J values, we first add the orbital angular momenta
and the spin angular momenta separately. We have

I,=0,10,=1, S1_=S2=%-- (1)
Therefore
L=1, S=1or0. ' (2)

For L =1, there are three states, corresponding to M; =1, 0, —~1. Each
of these corresponds to a pair of different single-particle states, with one
electron having m; =0, and the other m; =1, 0, —1. For each pair of
single-particle states we can construct a symmetric or an antisymmetric
space state. The former is combined with the antisymmetric spin state
S =0, and the latter with one of the three symmetric S =1 spin states.
We therefore have

L=1,S=1, and L=1,8=0. )

Once we have an antisymmetric L, S combination, there is no symmetry
restriction on the values of J, which are given by (5.24). We thus have

L=1,8=17=2,1,0, (4)

L=1,5=0,7]=1, (5)
or in standard nomenclature

3p,, 3P, 3Py, 1Py, . (6)

Each J value gives rise to 2J + 1 states, corresponding to M;=J,
J~1, ... —J. So the total number of states from (6) is
5+ 3+ 1+ 3 =12, which is the same as'the degeneracy of the electronic
configuration.

Comment

The sum of the 2J + 1 values for each J is always equal the degeneracy of
the electronic configuration. This is because each state L, §, J, M, is a
linear combination of the single-particle states m,, m,, m,, m,, and
conversely. There must therefore be the same number of the two types of
state. Note that in summing over the single-particle states to form a
specific L, §, J, M, state, only terms with

mll + m,z + n’ls_l + n’l's2 = MJ (7)

contribute. The situation is an extension of the addition of two angular
momenta (Problem 5.7). The result that there is the same number of the
two types of state is a useful check that all the J values (and no more)
have been obtained.
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(b) For the electronic configuration 2p3p, each electron can be in one of
six states. Each of the six states from 2p may be combined with one of
the six from 3p to give an antisymmetric function. The degeneracy of the
configuration is therefore 6 X 6 = 36. Note that some of the combinations
correspond to both electrons having the same values for m; and m,. The
electrons are not however in the same state, because they have different
n values.

For two angular momenta I; = [, = 1, the resultant quantum number L
can have values L =2, 1, 0. We again use the result that for two electrons
in different shells any combination of single-particle space states may be
made into a symmetric or an antisymmetric function, and so any L may
be combined with any S value. The possible L, § combinations and the
resulting J values are listed in Table 7.1.

The states are

3D3,3D,,° Dy, 2Py, 3P, 3Py, 381, 1Dy, P S (8)

Table7.1. L, S, J values and number of states for the elec-
tronic configuration 2p3p.

L S J 27 +1 sumof2J + 1
2 1 3,2,1 7,5,3 15
1 1 2,1,0 53,1 9
0 1 1 3 3
2 0 2 5 5
1 0 1 3 3
0 0 0 1 1
total 36

(c) There are six states for a p electron. The two electrons must be in
different states, so there are 6 X 5 possible product states, but these are
used in pairs to form antisymmetric functions. The degeneracy of an
electronic configuration with two electrons in the same p shell is
therefore 1 X 6 x § = 15.

As in (b), the possible L values are 2, 1, 0. However, because the
electrons are now in the same shell, we cannot construct space functions
of arbitrary symmetry for a given L value. The symmetry is governed by
the value of L, just as the symmetry of the spin function is governed by
the value of . The symmetries are (p. 129)

S a s S a
L=210 S=1 0. (9)
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To make the overall state function antisymmetric, we combine a
symmetric space function with an antisymmetric spin function, and
vice-versa. The L, S values and the resulting J values are given in Table
7.2, .

The states are

1'1)2'531-)213'P].a3'POa'IS(_)- (10)

Table 7.2, L, S, J values and number of states for the elec-
tronic configuration (np)?.

L S J 2J + 1 sumof2J + 1
2 0 2 5 5
1 1 2,1,0 5,3,1 9
0 0 0 1 1
total 15

(d) A d shell corresponds to [ =2, with five values of m,. Multiplying
this by 2 for the spin states gives a total of ten. Thus the configuration
(3d)'° represents a full shell. It is non-degenerate, and the state is S.
This is a general result for a full shell. It follows because each of the
electrons must have a different pair of m;, m, values. In a full shell all the
m, values from ! to —! occur twice (once for each value of m;), so their
sum is zero. Similarly, the sum of the m, values is zero. Thus the resultant
quantum numbers M; and Mj are zero. Therefore

L=S=0. (11)

Any other value for L or S would require a non-zero value for the
quantum number M, or Ms. The zero values for L and § give zero for J,

Comment

The fact that L = § = J = 0 for a full shell is a highly convenient result. It
means that to find the L, S, J values for a given electronic configuration
of an atom, we can ignore all the filled shells, which may contain a large
number of electrons. We need consider only the relatively few electrons
in the unfilled or valence shell.

(e) This configuration represents a set of electrons one short of a full
shell. Since a full shell has zero angular momentum (both orbital and
spin), it follows that, if one electron is removed from a full shell, the
components of orbital and spin angular momentum of the remainder are
minus those of the one that was removed. So the L, S, J values of the
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remainder are the same as if there were only one electron in the shell.
Thus the configuration (3d)° has degeneracy 10, and its L, S, J values are

L=2,8=3 withJ=3,2 (12)

i.e. the states are Dsp,, 2Dyp.

7.7 (a) The 1s and 2s shells are full and may therefore be ignored.
There are six single-particle states for an electron in the 2p shell. Each of
the three electrons in this shell must be in a different state. So the
degeneracy of the electronic configuration is equal to the number of ways
of choosing three difference states from six, i.e. it is

6f _ , |

357 = 20- (1)

(b) The 20 product states are listed in the left-hand column of Table 7.3.

The numbers in the products are the m, values (1 stands for ~1), and. &

and p give the m, values. Thus the first product function 1a0a1p
represents the three single-particle states '

) 1 - 1 ) _ —
ml=19ms=5’ ml"'O’ s = 2 ml."l’ms"_

()

[ ST

Table 7.3. Product states and M;, M values for the electronic configuration (np)’.

A tick indicates that the L, §, M;, M; state is a linear combination of the product
states on the same line.

product of number L=2 L=1 L=0
single-particle states M; M ofstates S=1/2 §=12 §=3/2
1a 0 18 2 : 1 J
18081 2 - 1 J
160008 1laia1p 1 : 2 / J/
18080a 1818 1a 1 - 2 J/ /
la O0a la 0 2 1 J
10218 1aia08 Oaialp O : 3 / / J/
1p081ia 181p0a 08Il 0 -} 3 J J J
180818 0 -3 1 v
la 0008 1a1aip -1 1 2 / J
ipopoa 18181a -1 - 2 J J
la 0218 ~2 3 1 J
igogia -2 -3 1 J/

tota 20
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For each product, the M, value is the sum of the three m, values;
similarly the Ms value is the sum of the three m, values. Thus for the first
product function, M, =2, and Mg = 1. The M; and M values for each of
the product states are given in the second and third columns of the table.

(¢) There are 20 states characterised by the set of quantum numbers L,
S, M, Ms. These states are linear combinations of the 20 product states,
and they must be antisymmetric for the interchange of any pair of
electrons. For the case of two electrons in the same shell — Problem 7.6(c)
- the antisymmetry requirement is satisfied by combining a symmetric
space function with an antisymmetric spin function, and vice-versa.
However, when there are more than two electrons in the valency shell,
the problem is somewhat more complicated, because it is not, in general,
possible to express the state function as the product of a space function
and a spin function. Instead we construct an antisymmetric function for
each product function by the method of (7.9), (Note that the M;, M
values of the antisymmetrised function are the same as those of the initial
product from which it is constructed.) Each L, S, M;, M state is a linear
combination of the antisymmetrised product functions with the same
values of M;, M. This relationship determines the possible values of the
L, S combinations.

The first line in Table 7.3 gives the values M; =2, Mg =3 This is the
largest value of M/, so the largest value of L is 2 (since M, =< L), and 1t
is associated with § = 5. The L, S, M,, M state with the values 2, 3 3 2,3
is equal to the antivsymmetrlsed product function 1o, O, 13. The pair of
values L = 2, § = 5 corresponds to ten M;, Mg combinations (M, = 2, 1,
0, —1, =2, each of which may be combined with one of the two values
M =3, ——_%.) Each combination is represented by a tick in the column
L =2, S =3 and the appropriate M;, M row in the table.

Two product states appear in the third line of the table, with the values
M, =1, Ms=3 So L =1, §=1is another pair of L, § values, giving
rise to six M;, M, combinations shown by ticks in the table. The state
with the L, S, M;, M, values 2, i1, % is one lineat combination of the
two antisymmetrised product functions, and the state 1, 3, 1, 3 is another
linear combination of the same two functions. Fmally, the fifth line of the
table with M; =0, Mg =2 shows that L =0, § = -.. is a third pair of L, §
values, with the four M;, Mg combinations indicated in the table. We
thus have a total of 10 + 6 + 4 = 20 states, which is the number required.

Fach pair of L, S values gives rise to values of J from L + S,
decreasing by unity to |L — S|. The L, S, J values are listed in Table 7.4,
The states are thus

2D5/2,- 2'D3/2, 2Ps_/za.'2'P1-_/_2,-s 4'53/_2--
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Table 7.4, L, S, J values and number of states for the
electronic configuration (np).

7.}
S

L 2J +1 sumof2J + 1
2 4 23 6,4 10
1 3 i 4,2 6
0 3 i 4 4
total 20

(d) The state with the lowest energy is gwen by Hund’s rules, p: 131. The
first rule gives § = 2, So the ground state is S3/2

7.8 Since lead obeys jj coupling, we need the ] values for a single
electron, which, for an electron in a p shell, are  and 3. For fi=j=3
J=3, 2, 1, 0. However, the values 3 and 1 correspond to symmetric
functions (p. 129) and are therefore rejected. Similarly, for j, = j, = ‘_},
J =1, 0; again J = 1 is symmetric and is rejected. For j, = 3 ja=3J=2,
1. Since the two values of j are different we can form antisymmetric
functions for both values of J. The permitted values of j;, j,, J are listed

in Table 7.5.

Table 7.5. jy, j2, J values and number of states for the
electronic configuration (np)?.

J 27+ 1 sumof 27 + 1

It fz

H : 2,0 5,1 6

2 : 2,1 5.3 8

3 4 0 1 1
total 15

Comment

For the electronic configuration (np)?, the results of Problem 7.6(c) give
the L, S, J values for LS coupling, and the present results give the j;, f,,
J values for jj coupling. In Fig. 7.1 we show schematically how the
energies of the states of the (np)? configuration vary with P/V’, the ratio
of the magnetic and residual electrostatic forces in the atom - see p. 131.
For P«K V', we have LS coupling, exemplified by germanium. Inter-
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Ge Sn Pb
(4p?  (5p)? (6p)

32,312, 0

3/2,3/2,2
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Fig. 7.1. Schematic diagram showing the form of the energy levels for the (np)?
configuration as a function of the ratio of P, the magnetic interactions, to V', the
residual electrostatic interactions in the atom. P/V' <1 corresponds to LS
coupling, and P/V' > 1 corresponds to jj coupling. The L, S, J values and the j,,
ja» J values are shown for the two limiting cases, The diagram is adapted from
Condon and Shortley (1963).

mediate coupling, when P ~ V', is shown by tin. Here the states are, in
general, mixtures of states with different L, § values, and also of states
with different j;, j, values. For P >> V', the jj coupling condition, the
states remain mixtures of L, S values, but tend to single terms in jy, j,.
This is the case for lead. Note that J is a good quantum number for all
values of V' and P.

7.9 The possible values of the spin of the nucleus are the J values
obtained from the addition of the angular momentum of the three
neutrons with j, = j, = j3=%. The neutron has spin 1, so the state
function of the three neutrons must be antisymmetric. For j = 3, there are
2j+1==6 values of m;. The m; values for a product state of three
neutrons must be different. Therefore the number of product states is
equal to the number of ways of selecting three different m; values from
six, which is

6!
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From each product an antisymmetric function may be formed according
to (7.9). The product states are listed by their m; values in Table 7.6,

those with the same value of

M; = my + m, + m,, (2)

being put on the same line. For convenience the m; values in the table are
twice the actual values, and the minus sign is indicated by a bar over the
number.

Table 7.6. Product states and
M; values for three fermions

with j =3,

product states M,
531 9/2
531 7/2
533 s1i 572
535 513 311 32
515 513 313 1/2
515 513 3i3 -1/2
535 513 311 -3/2
533 511 ~-5/2
531 —7/2
531 -9/2

Each state W(J, M,) is a linear combination of the antisymmetrised
product states with the same value of M,. Conversely, each antisymme-
trised product is a linear combination of the states W(J, M;) with the
same M, and different J. It follows therefore, since | M,| < J, that if there
are n product functions with the same value of M,, there are n values of
J equal to, or greater than, M,. Inspection of the table shows that the
required values of J are 3, 2 3. These three values give 10+ 64+ 4 =20

states as expected.

Comment

The three J values are the possible values of the spin of the ground state
of the nucleus O according to the shell model. In a further version of
the model, known as the independent-particle model, the spins of pairs of
nucleons in unfilled shells couple to give zero. Thus the spin of the




Solution 7.10 149

nucleus is zero if the number of nucleons is even, and equal to the spin of
the remaining nucleon if the number is odd. So the model predicts that

the spin of the ground state of °O is J = §, which is the correct value.

7.10 (a) The nuclei in the light hydrogen molecule are protons, which
huve spin , so the overall state function of the two nuclei is antisymmet-
ric. The rotational eigenstates are the spherical harmonics Y,,,. They are.
symmetric or antisymmetric with respect to the. interchange of the two
miclei according to whether [ is even or odd — see the solution to Problem
7.4, The spin state for the pair of protons is symmetric for the total spin
8 = 1 (ortho molecule), and antisymmetric for S = 0 (para molecule). So,
because the overall state function of the nuclei is antisymmetric, the para
molecules have rotational states with even [/, and the ortho molecules
rotational states with odd /.

In an equilibrium mixture at temperature T, the number of molecules
in each state is proportional to the Boltzmann factor exp(—E;/kgT),
where the energy of the state is

W |
E = 2+1(1 +1). (1)

Since the rotational state is the spherical harmonic Y,,, each rotational
energy level has a (2! + 1)-fold space degeneracy, together with a
three-fold spin degeneracy for those energies associated with the spin
S = 1. From these considerations we arrive at the required result that the
ratio of the number of para to the number of ortho molecules in an
equilibrium mixture of light hydrogen at temperature T is

> 1+ Tyexp{—I(I + 1)x}

ny - 1 ! even ’ (2)
o 3 S @I+ 1yexp {-I(I + 1)x} |
! odd
where
w1

(b) If Ry is the distance between the nuclei, and m, is the mass of the
proton, then

o (RN 1 o _
I—-Zmp 7 ""2mpR0- (4)

The Boltzmann factor causes the terms to diminish very rapidly as !/
increases, and a rough estimate of R, shows that, at T = 20K, terms with
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I >1 are negligible. We can see this, because we expect R, to be
somewhere between a4, and 2a,, where a, = 53 pm is the Bohr radius.
Putting R, = 100 pm, tegether with T =20K, and the values of the
atomic constants on p. 1, gives x = 2.41, So, for / =2,

2! + Vexp{—1(l + )x} = Sexp(—6x) = 2.6 X 1075 )
Retaining only the terms ! = 0, 1 in (2), we have

ne 9exp(=2x) 0.17°

which gives

x = 4.286. @)
Inserting this value in (3) and (4) we obtain

(c) The nuclei in heavy hydrogen are deuterons with spin 1. So the ratio
of symmetric spin states (ortho) to antisymmetric spin states (para) is 2:1
(Problem 7.1). The deuteron is a boson, so, the overall state function for
the two nuclei is symmetric, The ortho states therefore have [ even, and
the para states have / odd. The ratio of the number of ortho to para

molecules is thus

2> 21+ Dexp{—I(I + D)x4}

Ny _ leven (9)
np > (2! + Yexp{—I(l + V)x4}
{odd
where
K? 1
— =1y 10
Xq —2_"1& R T 2x (10)

(mg, the mass of the deuteron, is approximately 2m,.) As before, the
terms with / > 1 are negligible. So

Mo = 2 =2 (4 — i
n, = 3exp (—x) 3ex.p (4.286) = 48.5, (11)

which correspands to 98.0% ortho molecules.

Comment

In addition to the rotational motion of the hydrogen molecule, the
distance between the two hydrogen atoms may change, giving rise to
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vibrational states. However, the spacing between the energy levels of
these states is much larger than that of the rotational states, and at a
temperature of 20 K the molecules are all in the lowest vibrational state.
The energies of the states in which the electrons are excited are higher
still. The vibrational and electroni¢ ground states are symmetric with
respect to the interchange of the two nuclei. "Therefore it is correct to
consider only the rotational and the nuclear spin states in the problem.

7.11 The two lowest rotational energy levels of the HD molecule
correspond to /=10 and 1, with degeneracies 1 and 3, as in the last
problem. The spins of the two nuclei are

51 =_.%_, and s;=1. (1)

Thus there are a total of 2 X 3 = 6 spin states. As the two particles are not
identical, the state function has no symmetry. Any spin state may be
combined with any space state. So the degeneracies of the / =0and / = 1
energy values are 6 and 18.

7.12 (a) The values of L, S, J for the ground state of the praseodymium
ion are given by Hund’s rules, p. 131. For two electrons in the 4f shell,
the rules give

S=1,L=5,7J=4 D
The g-factor for the ion is

L JU+D+SE+) - L(L+1) 4
g=1+ 200+ 1) =3 (2)

(b) In the presence of a magnetic field B, the component of magnetic
dipole moment of an ion in the direction of B is

p= gMjuy, (3)
and its magnetic energy is
E = ~gMugB, (4)

where M, takes values —J, —J+ 1, —J +2, ..., J. The probability p
that an ion has a particular value M; is proportional to the Boltzmann
factor exp (— E/kgT). Thus

exp (M;gupB/kgT ._
p= p( Jg;B./ B )2_ 5)
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where

My=J

Z =Y exp(MgusB/kgT). (6)

My=—J
Note that if we keep J constant and sum p over M, the result is unity.
This is because the expressions for p in (5) and (6) are based on the
assumption that the states of larger J that can be formed from the same
values of L and § are so much higher in energy that, at the temperature
of the problem, the probability of the ion being in one of these states is
negligible. This is what is meant. by the statement at the end of the
problem that kg T is small compared to the LS multiplet spacing.

From (3) to (6), the thermal average of uis

Mpe=J
{ >, Mgugexp (Mgl B/ky T)}/ Z

My=—J
M=J : r My=J
= -gu's-{ > Mlexp(fo)}/ { > eXP'(M;x)},. B )
My==J Mj=—] /
where
x = gupB/ksT. (8

Note that x remains constant in the sum over M;. For B=1T, and
T=300K,
kB _ 4002 ©9)
ksT
Therefore, since g and M, are both of the order of unity, M,x << 1, and
we may put

exp (Mx) = 1+ Myx, (10)

which gives
Z(MJ + xM?) o
A= 8 Sd am) (1)

The summation over M, is from —J to +J, so the sum over an odd power
of M, is zero. The non-zero terms are

2MG=31(J + 1)2T + 1), (12)
and
S1=27+1. (13)
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Thus

i=lg2 I+ DB ..
(c) The magnetic susceptibility per mole is defined by

toN A 1

Yol = — B_A”, (15)

where N, is the Avogadro constant, So from (14)
J(J+1
Yot = StoNag?up 2 1), (16)

kg T

Substituting the values of g, J, T, and those of the atomic constants,
gives

Xmol = 6.7 x 107 m® mol ™. (17)

Comments

(1) It can be seen from (16), that, provided ugB << kg T, the magnetic
susceptibility is independent of B, and is inversely proportional to the
temperature. This latter variation is known as Curie’s law. The condition
ug B < kg T 1s satisfied for a large range of experimental conditions, so
the law has a wide validity.

(2) An LS multiplet is said to be wide if the energy separation of the
states of different J is large compared to kg7, where T is of the order of
room temperature. This is the case for the ions of the rare-earth elements
such as praseodymium. Provided the condition for Curie’s law is satisfied,
the experimental values of the magnetic susceptibility of rare-earth ions
agree well with the theoretical expression in (16).

The iron group of ions have narrow LS multiplets, i.e. the energy
separation of the states of different J is small compared to the
room-temperature value of kg 7. A narrow LS multiplet means that the
spin—orbit forces in the atom are relatively weak — see p. 131. We may
therefore ignore the coupling of the orbital and spin angular momenta,
and regard the atom as having independent orbital and spin magnetic
dipole moments, each of which contributes to the magnetic susceptibility.
The values of g are 1 for orbital, and 2 for spin motion. Thus, for a
narrow multiplet, (16) becomes

s L(L +1)+45(5 +1
Amol = 3!10NAHB ( )kB ( ) (18)
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However, the values derived from this expression do not agree with those
of experiment. The reason is that, in salts of the iron group, the
electrostatic interatomic forces in the crystal cause the value of L to be
effectively zero, a phenomenon known as quenching. The values obtained
from (18), with L =0, are found to be in good agreement with

experiment.




Time, time-dependent
perturbation theory, transitions

Summary of theory

1 Time-varying Hamiltonian

(a) General problem
Finding the eigenfunctions and eigenvalues of a general time-varying
Hamiltonian is difficult, but the problem is greatly simplified if the
Hamiltonian has the form

H=H"+ HO, (1)

where H® does not vary with time, and HY (<< H®) varies with time.
It is assumed that the eigenfunctions u; and eigenvalues E; of H'” are
known for all j. The state function at time ¢ can be expressed as

W) = Zc}(t) exp (—iE;t/h)u;. (2)
j

We suppose that all the coefficients ¢;(0) are known. The problem is to
calculate c(r) as /() varies according to the 6th postulate

dy _ 1,

- = —Hy. 3

ot ik v ®)
If we substitute (2) into (3) and use the orthonormal properties of the i,
we arrive at the result ‘

. dc;(¢t 1 < o prl) . _
¢, (1) = % = —i-f:ch(.t__)(le(”(th)‘ exp (iw,t); (4)
where.
GIHO@I) = [ wfHO (0, dr, (5)
l .::)lace-
and
hwl" = Ej - En' (6)

155
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(b) First-order time-dependent perturbation theory

The result in (4) is exact, but is, in general, not useful, because the right-
hand side contains the time-varying coefficients c,(f), which are the
quantities we are trying to find. We therefore approximate by replacing
the c,(t) by their values at ¢r=0. This is equivalent to first-order
perturbation theory. Further, for simplicity, we consider the case where,
at t = 0, the system is in an eigenstate of H) - denote it by k. Thus

a0 =1, c()=0, n#k. (7

There is now only one term, n = k, on the right-hand side of (4), which
becomes

¢t) = %( JIHO@E) k) exp Gags), j#k, t>0, 8)

whence

(1) = [ GIHO() k) exp Gaa') dr' ©

In this approximation, ¢,(#) = 1. It is assumed that E, is non-degenerate.
The procedure for the degenerate case is similar to that for time-
independent perturbation theory and will not be considered here.

2 Einstein A and B coefficients

(a) Definitions

Consider a set of atoms with two states k and j, baving energies E; and
E;, where E, > E;. The Einstein coefficient 4 is the probability per unit
time that an atom in state k makes a spontaneous transition to state j.
The coefficient B is defined for transitions stimulated by electromagnetic
radiation. If the energy density of the radiation is /(w) dw in the angular
frequency range o to w + dw, then the probability per unit time of a
transition between the two states, in either direction, is BI(w,;), where
h.wkj = Ek - Ej.

(b) Electric dipole transitions

For electric dipole transitions the coefficients are given by

4 82 1 3 s 2
=2 5~ _w. 1
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4m* e 1 ,,.
B=2"_"__— 2 1
3 47780 h_z |<]|r|k>| ’ (1 )

where r is the position operator.

3 Planck law for the spectral distribution of black-body
radiation
The energy density function is

ho' 1

I(w) = mc? exp (hw/kyT) — 1

(12)
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Problems

8.1 A beam of thermal neutrons, polarised in the x direction, passes at
time ¢ = 0 into a region of constant magnetic field B in the z direction.

(a) Show that the spin state of the neutrons /() is an eigenstate of the
operator §,, corresponding to the component of spin angular momentum
in the direction (cos p, sin p, 0), where p = 2u, Bt/h. (u, is the magnetic
moment of the neutron.)

(b) Show that this result is in accord with the classical result for a
precessing gyroscope.

(¢) For B = 10.00 mT, the time for a 27 rotation of the spin is 3.429 us.
Calculate the value of y, in nuclear magnetons.

8.2 (a) A beam of orthohydrogen molecules (proton spin state S = 1),
travelling along the y axis, passes through a Stern—-Gerlach apparatus
with its magnetic field along the x axis — Fig. 8.1. The emerging molecules
with Mg =1 are passed through a second Stern—Gerlach apparatus with
its magnetic field along the x axis. A constant magnetic field B in the z-
direction acts along part of the path between the magnets. Show that the
fraction of molecules emerging from the three output channels, cor-
responding to Mg =1, 0, —1, of the second magnet is

cos*(wt/2), 2sin?(wt/2)cos® (wt/2), sin*(w?/2),
where @ = 2y, B/h, and 1 is the time the molecules spend in the field B.

(4, is the magnetic moment of the proton.)
B

z 1
[ -1 T : . |
—_— A - E: 0 a~ i 0
/T_" 4 1 1
- -

* Mg Mg

Fig. 8.1. Geometry for Problem 8.2.

(b) For a path length in B of 20mm, and molecules with energy
25 meV, it is found that no molecules emerge from the Mg = 1 channel of
the second magnet when

B =1.80(n + HmT,
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where n is an integer, Deduce the value of y, in nuclear magnetons.
[The spins of the electrons in orthohydrogen are antiparallel. ]

8.3 A one-dimensional harmonic oscillator has mass m and angular
frequency w. A time-dependent state /(t) of the oscillator is given at
t =0 by

(0) = *\%ZH

where |n) is an eigenstate of the Hamiltonian corresponding to the
quantum number n, and the summation runs from n=N —s5 to
n=N+3s,with N>s>1.

(a) Show that the expectation value of the displacement varies
sinusoidally with amplitude (24N /mw)*2.

(b) Relate this result to the time variation of the displacement of a
classical harmonic oscillator.

8.4 A system of hydrogen atoms in the ground state is contained
between the plates of a parallel-plate capacitor. A voltage pulse is applied
to the capacitor so as to produce a homogeneous electrie field
=0 t<0, &=C"Cgexp(—t/r) t>0.
(a) Show that, after a long time, the fraction of atoms in the 2p
(m = 0) state is, to first order,
21 ake’ls

310 B (e? + 1/7%)

where a is the Bohr radius, and Aw is the energy difference between the
2p and the ground state. '

(b) What is the fraction of atoms in the 2s state?

8.5 A system of atoms can make radiative transitions from an excited
state to the ground state. If the probability per unit time of a transition is
y, show that the power spectrum of the radiation is a Lorentzian whose
angular frequency width at half-height is equal to y.

8.6 A time-varying Hamiltonian H®(z') brings about transitions of a
system from a state k£ at 1" =0 to a state j at ¢’ =t with probability
Pi— (). Use first-order time-dependent perturbation theory to show that,
if p,«(¢) is the probability that the same Hamiltonian brings about the
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transition j — k in the same time interval, then
Pisi(t) = Pri(1).

8.7 A set of identical atoms, which have two states & and j with
non-degenerate energies E, and E; (E, > E;), are in a box whose walls
are at a constant temperature. By considering the equilibrium numbers of
atoms in the two states, show that

A _ hoy
B g’

where A and B are the Einstein coefficients for spontaneous and
stimulated transitions, and hwy; = E;, ~ E;.

8.8 Starting from the expression (8.10) for the Einstein coefficient for
spontaneous emission, show that, for an atomic electric dipole transition
to the ground state in hydrogen, the fractional frequency width is of the
order of a’, where a = e2/4wreych is the fine structure constant.

8.9 A mercury lamp emits radiation of wavelength 254 nm, with a
fractional wavelength spread of 1075, If the output flux is 1kWm™2,
estimate the ratio of stimulated to spontaneous emission processes in the
lamp.

8.10 A superconducting tunnelling junction consists of two identical
saperconductors 1 and 2, separated by a thin insulating layer — Fig. 8.2.
The superconducting electron pairs in each superconductor are in the
same quantum state with a single phase. If n, denotes the density of these
pairs in 1, their wavefunction 3, may be expressed in the form

W, = ni? exp (i6y),

insulator

r

v
Fig. 8.2. Josephson tunnelling junction. 1 and 2 are superconductors.
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where 6, is the common phase angle. Similarly

¥s = ni exp (i6y).
The s, ns, and Os are all time-dependent. The time variation of vy, is
given by
o
at
where E| is the energy of the superconducting electrons in 1, and the
term Fy,, where F is a real constant, represents electron pairs tunnelling
from 2 to 1. Similarly

-
= E(EM + Fy),

Y 1 o
;tz = ‘iff;(Ez‘l’z + Fi).
(a) Show that
an , R v v
.—a;l— =2Qnsin (6, — 0,),

where Q = F/h, and n = n; = n,.

(b) Hence show that if a steady voltage V is applied across the
junction, the current of superconducting electrons oscillates with fre-
quency v=2¢V /h.
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| Solutions

8.1 (a) The neutron, like the electron, has spin 3. Thus all the previous
results for the spin angular momentum operators of the electron apply.
(We shall be concerned only with spin angular momentum in the present
problem and shall therefore drop the word ‘spin’.) The operator S, has
eigenfunctions @ and B, with eigenvalues +34. The magnetic moment 78
of the neutron (which we take as a positive quantity) refers to the
component value. Its direction is opposite to that of the angular
momentum vector, i.e. the magnetic moment of the neutron is to be
regarded as due to the rotation of a negative charge distribution.

At time ¢ = 0, the state function is the eigenfunction of §,, the operator
for the x component of angular momentum, with eigenvalue +3#, i.e.

W0) = (a + B)/V2 (1)

— see Problem 5.3. In the region where the magnetic field acts, the
Hamiltonian has a term proportional to §,, so the eigenfunctions of the
Hamiltonian are « and B. The form of 4(0) in (1) is therefore the one we
require to calculate (¢). For the states o and B, the energies are

E,=uB, Eg=-—wB. 2)
Thus from (2.12)

W(t) = {aexp (—iwr) + Bexp (iwr)}/V2, 3)
where

w = u,B/h. 4)

Now consider the direction (cos p, sin p, 0), i.e. the direction in the xy
plane making an angle p with the x axis. The Pauli spin operator for this
direction is

0, =cospa, +sinpo,. (%)
Using the results - see (5.3.6) -
o.a=p, oa=if, (6)
we obtain
O,a = COspOo,a +sinpo,a
= (cos p + isinp)B = exp (ip)B- )

Similarly
0,8 = exp (~ip)a. ®)
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Thus
o,{exp (—ip/2)a + exp (ip/2) B} /2
= {exp (ip/2)B + exp (=ip/2)a}/V 2, 9
i.e. the function _
{exp (—ip/2)a + exp (ip/2) B}/V2 (10)

is an eigenfunction of o, with eigenvalue 1. Comparison of (3) and (10)
shows that y(¢) is an eigenfunction of g, with eigenvalue 1, where

0= 20t = 2";[” | (11)

The quantum mechanical result is thus that the spin precesses in the xy
plane-in the direction x — y with angular velocity

2u, B

W @ %

(12)

(b) The geometry for the classical description of the motion is shown in
Fig. 8.3. The angular momentum vector is along +x, and the magnetic
moment vector along —x. The magnetic field gives a couple

G=p, xB=yu,B, (13)

in the y direction. In time 6t the couple creates angular momentum Gdt
along y. Since the neutron possesses angular momentum 3% along x, the
required angular momentum along y is obtained if the angular momen-
tum vector moves through an angle 86 as shown, where

Shsin 68 =~ 3h60 = u, Bot. (14)

-

rd
Hy
/
S\_/ o6

Fig. 8.3. Precession of neutron spin in a magnetic field.
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Thus the angular velocity of precession is
ot h

which is the same result as in (12).

The quantity w; is known as the Larmor frequency. In general, a
uniform magnetic field B causes the magnetic moment of a particle to
precess around the direction of B with angular frequency

(15)

w, = yB, (16)
where v, known as the gyromagnetic ratio, is the ratio of the components
of magnetic moment and angular momentum. The sense of the precession
depends on whether the magnetic moment and angular momentum are in
the same or opposite directions.

(c) If 4 is the time for a 27 rotation of the spin

_ 27 _ 2u,B
i.e.
_ 7h o
=g (18)
=9.662 X 1077 J T~ = 1.913 uy. (19)
Comment

The relation between the eigenfunctions of S, and those of the Hamilto-
nian H, is the same as that for the operator A and H in Problem 2.7. So
the result (2.7.7) applies. Putting

ay = i, a, = “‘i, El = “‘EZ = ﬂnB, (20)
2 2
gives
_h 2u, Bt fn
(8:) = ?COS PR (21)

which represents the x component of a vector of magnitude #/2, initially
along the x axis, and rotating with angular velocity 2, B/h in the xy
plane.

8.2 (a) The spin quantum number of the two protons in orthohydrogen
is § = 1, with M; values 1, 0, —1. Since the spins of the two electrons in
the molecule are antiparallel, the fields in the Stern—Gerlach magnets,
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and in the region between them, act only on the magnetic moments of the
protons. The spin state function y at ¢ = 0 (defined to be the time when
the molecule enters the magnetic field B along 2) is an eigenfunction of S,
with eigenvalue Mgz=1. We need to express it in terms of the
eigenfunctions of the Hamiltonian, which are the eigenfunctions of §,.
We use the results of Problem 4.2. The latter was stated to relate to
orbital angular momentum, but the essential feature is that / =1, the
same value as § here. So the relations between the eigenfunctions of the
x and z component operators are identical. If ¢, ¢,, ¢_, are the
eigenfunctions of §,, the eigenfunction of §, with eigenvalue Mg=1 is

(¢ + V2 + ¢_1)/2, i.c.
W(O0) = (¢ + V2¢0 + d>_1)/2. (1)

The magnetic moment of the orthohydrogen molecule is u = 2u,. So the
energies for the states ¢;, ¢, ¢_ in the magnetic field are

Ey=-uB, E,=0, E_ =uB. )
Thus

Y1) = {Prexp (iot) + V2¢p + ¢_iexp (—iwt)}/2, (3)
where

o= H;i (4)

We now express y(t), where ¢ is the time the molecules leave the field
B, in terms of the eigenfunctions of S,, i.e. we put

W(£) = ci(dy + V2o + ¢-1)/2 + o — ¢—1)_/\/2'
+ o1y = V2 + ¢-1)/2, (5)

again using the results of Problem 4.2. Then |c|?, |cof?, |c4[* give the
relative numbers of molecules emerging from the three output channels
of the second Stern—Gerlach magnet. The quantities ¢y, ¢o, ¢_, are
obtained by equating the coefficients of ¢y, ¢, ¢_; in (3) and (5). Thus

¢y + c_1 + V2¢ = exp (iowt), (6)

c1 + c_;1 — V2¢ = exp(—imt), (7)

€L —C1 = 1_, (8)
whence

¢, = cos? ot c_, = sin? %t—, Co = ﬁsin wt. (9)

R
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Thus
2 4 Ot 2 .4 Ot 2 . g Wt 2 WI
ci=cos'5-, coy=sin' >, |eol? = 2sin —cos’ =~ (10

The quantities |c,|2, |co)?, Jc-,[? are plotted against wr in Fig. 8.4.

Fig. 8.4. Problem 8.2 — variation of probability coefficients with time:
——ledf?, -—-=leyffs ———- IColz-

(b) No molecules emerge from the Mg =1 channel of the second Stern—
Gerlach magnet when |c,[?> = 0, which, from (9), is when

wt = (2n + ), (11)

where n=0,1,2, . ... From (4) this corresponds to

BB, 2B, _ o+ 1), 12)
h h
i.e.
7h .
= . 13

H= B (13)
where

By = 1.80 mT. (14)
If E is the kinetic energy of the molecules, and 4 the path length in B,

dz

E=im= mPF’ (15)
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since m, the mass of the molecule is twice the mass m, of the proton.

Thus
ah [ E \?
L 16
Ho B;Od.(_-mp) (16)
=1.424 x 1072 J T = 2.82 . (17)

Comments

(1) It is straightforward to show that the state function (t) is an
eigenfunction, with eigenvalue Mg=1, of S,, the operator for the
component of spin in the direction (cos p, ~sin p, 0), where

p = B (18)
h
In other words, just as in the previous problem, the quantum mechanical
calculation agrees with the classical result that the two protons may be
regarded as a gyroscope, which, subjected to a couple by the magnetic
field, precesses about the field with the Larmor frequency

w, = yB, (19)

where the gyromagnetic ratio y = p/fi. The precession is in the opposite
sense to that of the neutron, because, for the proton, the magnetic
moment and angular momentum vectors are in the same direction.

(2) Notice that, when the spin has precessed through an angle 7, the
molecule is in the state M= —1 (specified relative to the x axis). We
might have guessed this from physical intuition. However, we might also
have guessed that, when the spin had precessed through 7/2; the molecule
would be in the state My = 0. The quantum mechanical calculation shows
this is not so; the state is actually a mixture of 50% Mg =0, and 25%
each of Mg = 1. The expectation value (S,), for a /2 rotation, is of
course zZero.

8.3 (a) The state function at = 0 is
(0 (1
WO = oy Sin). (1)
Therefore

w( )_ \/(2 )ZLn}exp( lEnt/h)

\/(2 )Z\n>eXP{ i(n + 3)wt}, ()
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since
E, = (n + Hho. 3)

From (4.17) the displacement is
x = g(a+ ah), 4

where a and a' are the annihilation and creation operators for the
harmonic oscillator, and

&= (m) - ®)

The expectation value of the displacement is
(x) = g{p(N)la + a'ly(1)) (6)
= %E(n'la + a'|n) exp {i(n' — nywt). Q)

The relations _
aln) =ynln-1), a'ln) =V(n+1)ln+1) (8)

show that the matrix element is zero unless n’ = n * 1. Therefore
(x) = £>Vnexp(=ion) + V(n + 1) exp (or). ©)

The summation over n is from N — s to N + s, where N >> s 3> 1. So
Vn=V(n+1)=VN. (10)

There are 25 + 1 =2s (approximately) equal terms in the summation;
thus

E\/ nexp (—iwt) + V/(n + 1) exp (icwot) = 4sy/ N coswt, (11)

giving
« _{2nN Y _
(b) The equation of motion of a classical harmonic oscillator is
2
mSS 4 ke =0, (13)

where the force constant k = ma?. A solution of the equation is

x = Xcoswt, (14)
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where X is the amplitude of the oscillation. Th"e total energy is
= kx? + Imi? = Ima? X2, - (15)
In the quantum calculation the energy is
E =~ (N + 3)how =~ Nho. (16)
Therefore, the quantum mechanical amplitude

2aN "2 _( 2E | _
() = () ()

which, from (15), is equal to the classical amplitude X. So the expression
for {x) in (12) is the same as the classical result in (14). We have thus
shown that a coherent combination of a large number of energy
eigenstates, with a spread of energies small compared to their mean
energy (1 << s << N), behaves as a classical oscillator.

8.4 (a) First-order time-dependent perturbation theory gives the result
that if a Hamiltonian HY is applied at ¢ = 0 to a system in an initial state
|k) with energy E,, the probability that a transition has occurred to a
state |j), with energy E; at time ¢ is |c;|*, where

o= 5 IHOWK) expon)de, ho=E=E. O

In the present problem H®(t') is the potential of the electron in the
applied electric field, whose direction we take as the z axis, i.e.
HU(y = elyzexp(—t'/1), t' >0. (2)

For t = o, (1) becomes

e(g(] g Oe .. _ 1 ) f .
= (_1|z\k}L exp {(m) _r)t }dt . (3)

The time integral is

[oof(e- o= s folle- 24

1
T
1

Cj—_—

--— (4

w—=

|-

(The factor exp (—t'/7) gives zero at the upper limit.) Therefore
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el ,
G = a3 7oy 1elk): )
The initial state is the ground state of the hydrogen atom, i.e. the
quantum numbers are n =1, [ =0, m = 0, and the final state has n» = 2,
I=1, m=0. We evaluate the matrix element in spherical polar
coordinates r, 8, ¢, using the relation z = r cos 6. Then

(lzly = [ utor cos Qumd(vol), | ©6)
all
space
where
d(vol) = r*drsin 8d8d¢. Q)

From Tables 4.1 and 4.2, pp. 52 and 54, the normalised wave functions
for the initial and final states are

. 2 1 ,
Ui = RipYop = Van ;gﬁexp (—r/ay), )
o = Ry Yyg = — b LT o (~rfag)cos 8 9)
210 21 119 \/(4 1;-) (240.)3/2 2o P: 0 .
Thus
. 117, 3r 4 . :
(jlzlk) = -2-575‘?6]0 r“exp(——z—‘-l—(;)drj;coszesmﬂd@ (10)
41 (2\° | |
- 537'2‘(3) - (11

(We have used the result f : r* exp (—Br)dr = 41/§°). From (5) and (11),
the probability of a transition is

715 2,202

2 - a0e o -, (12)
30 (o + 1/7)

I-Cj|2 =

(b) The probability of a transition to the state 200 is zero. The parities of
the functions u,yy and u,y are positive, while that of z is negative.
Therefore the parity of the product u;gyztty is negative; hence the matrix
element, which is obtained by integrating u,gzuy over all space, is zero.

8.5 Suppos_e that, at ¢t =0, N, atoms are in an excited state k& with
energy E,. At a later time ¢ there are N atems in the state k. From the

definition of ¥
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dN = —yN dt, ey
with solution .

N = Noexp(—vt), (2)
i.e. the probability of finding the atom in the excited state is

p =exp(—71). (3)

If there were no decay from the excited state, the state function would
be

W(r, t) = u(r) exp (—iwyt), 4)
where

wx = Ei/h. (5)
We take account of the decay by writing (4) as

W(r, 1) = el )ug(r) exp (—iwy 1), (6)
where the probability of finding the atom in the state k is

le(1)? = exp (—71), (7)
i.€. -

c(r) = exp(—vt/2) t>0. (8)
Therefore

Y(r, 1) = w(r)f(1), 9)
where

f(6) = exp {(=3y — i)t} : (10)

The angular frequency (and hence energy) of the state k is no longer
infinitely sharp, but has a spread. This may be calculated by expressing

£(¢) as
f(2) = f °°‘ g(w)exp (—iwfydow. (11)

— 0

g(w) is the Fourier transform of f(¢). The function |g(w)|* represents the
‘amount’ or ‘strength’ of the oscillation of angular frequency w present in
f(t). From the theory of Fourier transforms

(@) fi £(£) exp (iwt) dt. (12)

f(2) is zero for t < 0, because the atom is excited at ¢ = 0. So
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g(w) o< f:exp {(-—%_y — iy + iw)t) dt (13)

1
= - . 14
7Y — i(w — wy) 14
Thus

|g(@)? o 13 (15)

(w — w)? + 37 |

A function of this form is known as a Lorentzian. It has a maximum when

o = wy, and tends to zero as |w — w;| becomes large compared to y. It is

qualitatively similar to a Gaussian, but drops to zero less rapidly. It is
plotted in Fig. 8.5.

et e T

S

o —>»

1
(0= o) + 377

Fig. 8.5. The Lorentzian function

When @ = w,, the value of |g(w)[? is 4/y?, if we ignore the constant of
proportionality. It drops to half this value when

®— o, = t3y. (16)

The spread of the function, defined as the difference in the two values of
w for the half-height value, is thus 7.

8.6 The probability of a transition k (at time zero) to j (at time 1) is

Proi(t) = |exs (D, 1)
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where, from (8.9), the first-order expression for c,_,;(¢) is
) P N s .
Cps(1) = EL(}I HO(2")| k) exp (iwpt') dt'. (2)

The coefficient c;,;(#) for the reverse transition is given by the same
expression with k and jinterchanged, i.e.

L .\ . 1 .
Goi(8) = 5| CKIHO(@)j) exp Gioge') ' 3)
in ), !
Now H®M(¢") is a Hermitian operator. Therefore
CRIHO@]j) = GIHO@) k> ©
Also, from (8.6),
hoy = By — E; = —hoy. (%)

Therefore the integral in (3) is the complex conjugate of the one in (2).
Thus

k(1) = —{crm (1)}, (6)
giving

pj—»k(t) = ‘Cj—»k_(f)lz = Pisj(t). (7)
Comment

Although we have proved this result using first-order perturbation theory,
it is generally true, i.e. the probability of transitions between two states,
due to an external stimulus represented by H®, is the same for
transitions in either direction. The result is known as the principle of
detailed balancing.

8.7 Denote the: temperature of the walls of the box by T, and the
equilibrium numbers of atoms in states k and j by N; and N,. Put the
energy density function I(wy;) = I. From the definitions of ‘the Finstein
coefficients A and B, the probability per unit time of a spontaneous
transition £ — j is A, and the probability per unit time of a stimulated
transition k— jis BI. So the total number of transitions k — j per unit
time is

My = (A + BI)N;. (1)

Only stimulated transitions can occur in the reverse direction, so the
number of transitions j — k per unit time is
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Note that, from the result of the previous problem, the coefficients B in
(1) and (2) are the same. In equilibrium

Ny ;= Mgy (3)
S0

N _ A . g

—Nk— = B[ + 1. 4

But the atoms are in temperature equilibrium with the walls of the box,
and the ratio N)/N, is also given by the Boltzmann distribution. Thus

N, _ exp(—=Ej/ksT) _ _ | |
Ni - exp (_ E;I(/kB T) = €Xp (hwkj/kB T)a (5)

where kp is the Boltzmann constant, and we have used the result
hwy; = E, — E;. From (4) and (5)

5 Ié} = e (ko T) — 1. ©

Finally, the expression for I(w,;) given by the Planck distribution law is
3

l(@y) = ?rza::gl exp (h'wkj/l-kg T)—1° ()

Thus
3

4= ®

Comment

This result, originally derived by Einstein, is a very useful one for
obtaining an expression for the coefficient A by a semiclassical method.
In this treatment, the electromagnetic field acting on the atom is not
quantised, but is treated classically. The Einstein coefficient B is
calculated by first-order time-dependent perturbation theory. The result
in (8) then gives the coefficient A. The full treatment, in which the
electromagnetic field is quantised, gives, not only the effect of the field on
the atoms (stimulated emission and absorption), which we have con-
sidered, but also the effect of the atoms on the field (spontancous
emission), which we have not. The treatment, known as quantum
electrodynamics, is considerably more advanced than the semiclassical
method and gives the same expressions for the coefficients A and B. So
we may accept the semiclassical theory as a reasonable compromise. The
book by Schiff (1968) has an account of both methods.
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8.8 In the electric dipole approximation, the Einstein coefficient A,
giving the probability per unit time of a spontaneous transition from a
state k, with energy E,, to a state j, with energy Ej, is

e? 1

37‘1’80 PE wk}l(]lr‘kﬂ ’ (1)

where wy; = E; — E;, and (j|r|k) is the matrix element for the position
operator r. |

For a pair of states in the hydrogen atom, (j|r|k) is of the order of a,
the Bohr radius. The energy #w,; is of the order of the positive value of
the energy of the ground state, i.e.

1 2)
So

A~ e 1(1 € i-w-az
4mey hP\ h ey ag k=0

eZ 1 3
N (417'80 nh?) wkj

For a transition to the ground state, the spread in the frequency comes
from the spread in the energy of the excited state. The y in Problem 8.5 is
equal to A for an electric dipole transition. So the angular frequency
width for the transition is y = A. The mean angular frequency is wy;. The
fractional frequency width is thus

L @

wkj
Since o= 0.007, the value of the fraction is of the order of 107.

Comment

The angular frequency width A is known as the natural width of the
spectral line for the transition. However, the frequency of the line is
further broadened by two other effects. The motion of the atoms causes
the frequency to vary due to the Doppler effect. Secondly, the atoms
collide with each other, and the effect of the collisions is to shorten the
lifetime of the excited state. At room temperature and atmospheric
pressure, the broadening due to these two effects is usually much larger
than the natural width. Doppler broadening may be reduced by working
at low temperatures, and collision broadening by reducing the pressure.
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8.9 The ratio of stimulated to spontaneous emission processes is

BI 1)

where A and B are the Einstein coefficients for spontaneous and
stimulated emission, and I is the energy density per unit range of angular
frequency of the radiation at the @ value of the lamp. From (8.7.8)

BI _ 7°c® @

The output flux is

W = (energy density) X ¢

= IAwc, 3)

where Aw is the spread in angular frequency of the radiation. If A4 is the
spread in wavelength,

AL _ Aw _

7w @
From these equations we obtain |

_Mwa
"= Ten’ch AL (%)

Inserting the values A=2.54 X 1077 m, AAA=10"%, W =10°Wm2,
gives

r=2.8x 104,

Comment

For a conventional light source, such as a mercury lamp, the value of r is
always small compared to 1, i.e. the rate of stimulated emission is much
less than that of spontaneous emission. However, for lasers, and
particularly for pulsed lasers, this is not so, and stimulated emission
processes dominate. See Loudon (1983) for a detailed treatment of the

quantum theory of light.

8.10 (a) The time derivative of the wave function ¥, = n}/z exp (i6,) is

3y 1 Lea\ O . ... 00
agfl = 2 €xp (191)7{1" + mi’zem(xel)-—ét—‘- (1)
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Also
—(Eﬂ/’l + Fy,) = “‘10)1” exp (i6;) — 19” exp.(.iez_)._, (2)

where w, = Ej/h, and Q F/h. Equating the right-hand sides of (1) and
(2), and multiplying by nl exp (—i6,) gives
13n; . 396

5 ap T im— = —ioyn = iQ(mny) Pexp (i(6; - 6)). (3)

Equating the real terms in (3) and using the fact that n, ~ n; ~ n, we
obtain the result
an,
ot

= 2Qnsin (0, — 6). 4)
(b) Equate the imaginary terms in (3), divide by n;, and again use the
result n, = n, = n. This gives

ot

~ =y - L cos (6, — 6,). (5)

If we start with ¢, = né/z exp (i6,), and repeat the whole calculation we
‘obtain the similar result

ele)

. 8t-2 = —y, — Qcos (6, — 6,), (6)
where @, = E,/f. From (5) and (6)

3. av_ .. . _E/—Ey, 2eV _

a(ez_ 6) = w0 —w, = n h (7)

The last equation follows because, when a voltage V is applied across the
junction, the energies E; and E, of the electron pairs in the two
superconductors differ by an amount 2eV.

There is a current of electron pairs between the two superconductors
proportional to dn,/3¢, which we have shown in part (a) of the problem is
proportional to sin (6, — 6;). Eq. (7) shows that

2eV
h

where § is a constant. So the current of superconducting electron pairs
varies with angular frequency 2¢eV /A, i.e. with frequency

0, — 6, = t+ 9, (8)

_ 2eV
=2 9)
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Comments

(1) The present problem, taken from Kittel (1986), is a simplified
treatment of the two Josephson effects. There is a current of super-
conducting electron pairs from superconductor 2 to 1, proportional to
dn,/dt, which is proportional to sin (6, — ;). If there is no potential
difference across the junction, E; = E,, and (7) shows that 8, — 8, is then
constant. Thus there is a constant current of density

J = Jysin (6, — 6,), (10)

where Jj is a constant for the junction. This is the dc Josephson effect.
The value of 6, — 6, cannot be set directly. Instead, a current is passed
through the junction from a current generator, and, provided the current
density is less than J,, the phase difference adjusts itself to satisfy (10);
the voltage across the junction is zero. If J is increased above Jy, the
voltage across the junction starts to rise.

(2) The oscillation in the superconducting electron pair current that.
occurs when there is a dc potential difference across the junction, is
known as the ac Josephson effect. The relation between the frequency
and voltage depends only on the ratio e/A. Since this ratio is known to a
high degree of accuracy (the fractional error in the experimental value is
about 3 X 10~7), and frequency can be measured more accurately than
any other quantity in physics, the ac Josephson effect provides the most
accurate method of measuring a dc voltage.

(3) The present simple treatment cannot give the value of J,. Eq. (4)
indicates that J; is proportional to €, i.e. to the quantity F, which is a
measure of the interaction of the two superconductors across the
insulating layer. We might expect F, and hence Jo, would increase with
T., the critical temperature of the superconductors, and decrease with the
thickness of the insulating layer. Qualitatively this is found to be the case.
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Scattering, reactions

Summary of theory

1 Scattering theory

(a) Definitions of cross-sections

A beam of particles of mass m travelling along the z direction with
velocity v is scattered by a short-range potential V(r) centred on the
origin — Fig. 9.1. We use spherical polar coordinates r, 6, ¢, taking z as
the polar axis. The Schrddinger equation is used to calculdate the
probability of a particle being scattered into a small solid-angle dQ2 in the
direction 6, ¢. The probability is expressed in terms of a differential
scattering cross-section da/dQ, defined below, together with two other
useful cross-sections.

scattered particles,

/ direction 6,¢

——
incident \
particles origin

~ range of
potential

. . . o _ .. do . .
Fig. 9.1. Diagram: for relating the scattering cross-section ETo) to the wave function.

Differential scattering cross-section
ﬂ = (number of part_icles scattered per second into d€2 in the
direction 8, ¢)/FdQ, (1)

where F is the flux of the incident particles.
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Total scattering cross-section

o,. = (total number of particles scattered per second)/F. 2
Absorption cross-section
0.5 = (number of particles absorbed per second)/F. 3

(b) Schrc‘i'_dz’nge_r equation

The particles have energy E, which is equal to their kinetic energy
outside the range of potential. Thus

222
L @
where
hk = mv. (5)
We have to solve the Schrédinger equation
2 2m :
Vi + -;;Z-{E -V)}y=0. - (6)
In the usual way 1 can be expressed as —
Y(r, t) = u(r)exp (—iwt), (7
where
how = E. (8)

‘We look for solutions where, for values of r large compared to the range
of the potential, u(r) has the form

u(r) = exp (ikz) + -ﬂa;’_;’&)e:(p (ikr). (9)

If we multiply the terms on the right-hand side by exp (—iwt), we see that
the first term represents the incident particles moving along the z axis,
and the second, which is a spherical wave travelling outwards from the
origin, represents the scattered particles. The theory shows that a solution
of the form of (9) can be found, provided V(r) tends to zero faster than
1/r as r tends to infinity. We are confining the discussion to elastic
scattering — hence the value of & is the same in the incident and scattered
terms in (9). The function f(8, ¢) is known as the scattering amplitude.
The differential scattering cross-section is related to f(8, ¢) by

52 =156, o)F (10)

— see Problem 9.1.




Summary of theory 181

(c) Born approximation

This is a first-order perturbation calculation, valid for fast particles and a
weak potential, which means that the incident wave function is only
slightly perturbed by the potential. The approximation gives

£0. #) = =525 V(e)exp(iner)dr. (1
2mh* Jan
space
The quantity k, known as the scattering vector, is defined by k=k — k',
where k is the wavevector of the incident particles, and k’ that of the
scattered particles. The angle between k’ and k is the scattering angle 6.
Since the scattering is elastic,

“‘l = |k’'|, and K = 2ksin —g— (12)

(d) Method of partial waves

The method of partial waves involves a certain amount of mathematics,
but the final results are relatively simple, The result is particularly simple
for slow incident particles, when their wavelength is much larger than the
range of the potential. We give here an outline of the reasoning,
restricting the discussion to the case of a spherically symmetric potential
V(r).

The Schrodinger equation can be written as

Vu + {k‘z - 2z’;'!—l./('r)}.z,t = 0. (13)
For a spherically symmetric potential the angular part of u is a spherical
harmonic Y, (0, ¢). From the symmetry of the problem, there is no
dependence of the scattering on the azimuthal angle ¢, which means that
the spherical harmonic must have m = 0. The functions Y}, are related to
the Legendre polynomials P,(x), where x = cos 6, by

21 +1\? -
Y = ( o ) P (14)
Putting
u(r, 6) = ng") Py(cos 0), (15)

and substituting in (13) leads to the result that x,(r) is a solution of the
equation
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&2 W+ 2m)
._i;+{k2- Wi+1) _ ’"v}x_,=o. (16)

dr r? h?

The calculation proceeds in two stages. First the Schrodinger equation
is solved for zero V. One solution is then exp(ikz), which can be
expressed as a linear combination of the terms in (15). We look for the
asymptotic form, i.e. the linear combination that represents exp (ikz) at
large values of r. At large r, the term I(/ + 1)/r? in (16) tends to zero,
and, for V = (, the equation becomes

2.
X 4 oy =0, (17)

dr?
which has solutions of the form sin (kr). The algebra shows that the linear
combination of the sine functions that gives the asymptotic form of
exp (ikz) is

[=to.

exp(ikz) = 3 A,-}- sin (kr ~ Ya) Py(cos 6), (18)
=0 ’
where .
Y

The significance of (18) can be seen if we express the sine function in its
exponential form, and include the time-varying factor. The relevant term
for a single / value is

sin (kr — 3lm) exp (—iwt) = —2—1;'exp {i(kr — wt — %ln)"}

- S-exp{=i(kr + ot —Hm)}.  (20)

The terms on the right-hand side correspond to two spherical waves
centred on the origin — the first an outgoing wave, and the second an
incoming wave.

The second stage of the calculation is to make a similar expansion for
the function u(r), the solution of the Schridinger equation when the
potential is present. The equation satisfied by the radial function y, at
large r is again (17), because the potential has a short range. So, the
asymptotic form of ¥, is again sin (kr), and the asymptotic expansion of
the function u(r) is very similar to the right-hand side of (18). In fact the
only difference is in the phase of the coefficients 4;, We can see this by
rewriting (9) as
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u(r) — exp (ikz) = 'f(—rg—z-exp (ikr). (21)

At large r the function u(r), like exp (ikz), is a sum of outgoing and
incoming waves, but the right-hand side of (21) corresponds to an
outgoing wave only. Therefore the incoming waves for u(r) must be
identical with those of exp (ikz). Since the amplitudes of the outgoing and
incoming waves are the same, the only effect of the scattering potential
V(r) on the wave function is to shift the phase of the outgoing asymptotic
wave by an amount that we denote by §,.
The calculation shows that the function f(8) is given by

Z,L S (21 + 1){exp (2i8,) — 1) Pi(cos 6). (22)
ik =

f(6) =
Each [ term is known as a partial wave. The same nomenclature is used
as for atomic states. Thus the { = 0 wave is termed an s-wave, the [ =1 a
p-wave, and so on. The /th wave, being an eigenfunction of the operator
L?, is a state in which the particle has orbital angular momentum about
the origin of magnitude \/{I(l + 1)}# = Ik, Since the linear momentum
of the particle is 7k, a classical picture of the Ith wave is that it
corresponds to the particle passing the potential at a distance d; from its
centre, where fikd, = Ik, i.e. |

d~ . (23)

To calculate the phase shifts 8, for a given potential V(r) and energy
E, we have to solve the Schrodinger equation in detail, which may
involve considerable. computation. (A simple example is given in Problem
9.6.) However, the classical picture leads to a useful qualitative resuit.
Eq. (22) shows that, if §; = 0, that partial wave gives no contribution to
f(0). If d,, the distance of closest approach, is much larger than a, the
range of the potential, the particle passes outside the potential and is not
scattered, so ¢; = 0 for that partial wave. The quantum calculation agrees
with this. It follows from (23) that only those partial waves with [ < ak
have non-zero values of §;, and contribute to the scattering.

A particularly simple case occurs if ak << 1, for then all the &, are zero,
except 8,. Since k = 2w/A, where A is the wavelength of the particle, the
condition gk <<1 is equivalent to A>>a, i.e. the wavelength of the
particle is large compared to the range of the potential. In this situation,
when only the s-wave is disturbed, the angular dependence of f(8) is
given by the Legendre polynomial P,, which is equal to 1, so the
scattering is spherically symmetric. As k tends to zero, tand; becomes
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proportional to &, i.e. & tends to zero or a multiple of m, and the limiting
value of —tan &y/k, denoted by b, is termed the scattering length. The
concept is most commonly applied to the scattering of thermal neutrons.

2 Fermi golden rule

The Fermi golden rule is derived from first-order time-dependent
perturbation theory. We use the same notation as in Chapter 8. The
perturbing Hamiltonian H® brings about transitions between states j of
the basic Hamiltonian H®. Consider the case when HY is zero for time
¢t' <0, and constant in time thereafter. Up to time zero the system is in
the state k& with energy E;. At time ¢’ = ¢, the system has a finite
probability of being in a state j with energy E;, but the probability is
negligible unless

B - El<2. 2

If we add the probabilities for a transition to each state j, we obtain the
probability P that the system makes a transition to any state j; and the
theory shows that, provided the states are very closely spaced in energy,
P is proportional to ¢. The Fermi golden rule is that the probability of a
transition to any state j per unit time is then

dP _ 27 ..\ (/: I |
dar ";l-—P(Ej)|<J|H(I)Ik>l2'a- (25)
where p(E)dE; is the number of j states in the energy range E; to
E; + dE;. The calculation assumes that the energy range %/t is sufficiently
small that, for the range of j satisfying (24), the density of states function
p(E)), and the matrix element {j| H"|k) are effectively constant.
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The notation for the scattering problems in this chapter is given at the
beginning of the summary of the theory, p. 179.

9.1 Particles travelling along the z axis are scattered by a short-range
potential. If the wave function of the particles at large distances from the
potential can be expressed in the form

u=exp(ikz) + %f(e,_ @) exp (ikr),
show that the differential scattering cross-section is

do PN
(—j-—ﬁ = ‘f(99 q:))P

9.2 Show that, for a spherically symmetric potential,

J V(r)exp (ikr)dr = iKﬂ—J V(r)rsinkrdr,
-gll)lace o0

9.3 (a) Particles are incident on a spherically symmetric potential
V() = Lexp(-y),

where § and y are constants. Show that, in the Born approximation, the
differential scattering cross-section for the scattering vector K is given by

do _ { 2mp }2
dQ (& + y))

(b) Use this result to derive the Rutherford formula for the scattering
of a-particles, namely, that for a-particles of energy E incident on nuclei
of atomic number Z, the differential scattering cross-section for scatter-
ing at an angle 6 to the incident direction is

do { Ze? }2

dQ | 8meEsin?(6/2))
9.4 (a) A narrow beam of a-particles is incident normally on a thin gold
foil, and the particles scattered at an angle 6 to the initial direction are
detected by a scintillator S that subtends a smail solid angle d€2 at C, the
centre of the region where the a-particles strike the foil. Show that the
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fraction f of incident particles scattered into S is
do
f=3gNtde,

where do/dQ is the differential scattering cross-section per nucleus for the
angle 0, N is the number of nuclei per unit volume, and ¢, the thickness
of the foil, is sufficiently small for the flux of incident particles to remain
close to its original value at all depths of the foil.

(b) Systematic measurements of a-particle scattering were first per-
formed by Geiger and Marsden in 1913. Their source was RaC’ (**Po),
which emits a-particles with an energy of E = 7.68 MeV. The scintillator
had an area of 1mm? and was 10mm from the point C. For
t=2.1x10""m, and 0 =45° they found f=3.7 x 10~7. What is the
atomic number of gold from these measurements?

[The atomic weight of gold is 197, and its density is 19300 kgm™.]

9.5 For neutrons of energy 25meV, the values of the total scattering
cross-section o, and the absorption cross-section o, for atoms- of
nitrogen and oxygen are

Oye O avs
nitrogen 11.5 1.8 The units are 102 m2,
oxygen 4.2 0.0

Estimate the attenuation of a beam of neutrons of this energy in 1 m of
dry air at a temperature of 20 °C.
[Density of air at 20°C = 1.20 kgm™.]

9.6 Neutrons of mass m and energy E are incident on a spherically
symmetric, square-well, attractive potential of depth W and range a,
representing the nuclear force between the neutron and a nucleus. If the
velocity v << h/ma, show that

(a) the scattering is spherically symmetric,

(b) the s-wave phase shift & satisfies

j tan(ka + 6) = ktan ja,

where
_2mE 5, _ 2m(W + E)
- 2 » = W

(c) the scattering length is

. =a(1 _ta_nx),

k2.

b
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where
y = (2mW)a/n.

(d) What is the total scattering cross-section as E tends to zero?

9.7 (a) If the value of y for the potential of the last problem lies in the
range (n —Pr<y < (n + _%)rr., where » is an integer, show that, for a
neutron in this potential, there are n bound states (i.e. states of negative
energy) with zero orbital angular momentum,

(b) Hence show that, if the scattering length is positive, there is at least
one bound state.

9.8 (a) Show that, for a spherically symmetric potential V (r) = gé(r),
where §(r) is a 3-dimensional S-function, and g is a constant, the Born
approximation gives a scattering amplitude

| m

) = —

1(6) 2mh?

g.
(b) Derive an expression for g, if the potential is used to simulate the
nuclear scattering of thermal neutrons with scattering length b.

(c) Thermal neutrons of wavelength A are incident on a slab of material
whose nuclei have identical scattering lengths b. Show that the slab
behaves as a medium with refractive index

. 1 .
=1 - ——NbQ
n=1 2 ’

where N is the number of nuclei per unit volume.

(d) Show that, if b is positive, the critical glancing angle for total
external reflection of the neutrons at the surface of the medium is

ve = ANb/m)"?.

[The 3-dimensional é-function has the properties

Sr)=0 r+0, dr)y=o r=0, f S(r)ydr = 1.
all

space

In part (c), relate the refractive index to the mean kinetic energy of the
neutrons inside and outside the medium, and consider the value of the
potential in the medium, averaged over a volume containing many
nuclei. ]
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9.9 (a) Verify that, outside the range of a short-range potential, the
wave function

1

. _ 1 L P
u(r, ) = . (1 + = )exp (ikr)cos 6

represents an outgoing p-wave.

(b) A beam of particles represented by the plane wave exp(ikz) is
scattered by an impenetrable sphere of radius a, where ka <<1. By
considering only s and p components in the scattered wave, show that, to
order (ka)?, the differential scattering cross-section for scattering at an
angle 0 is

E_U__.___ 201 — lep N2 2
3G = ¢ {1 = 3(ka)* + 2(ka)*cos 6}.

[The value of cos? @ averaged over all directions is 3.]

9.10 A thermal neutron with velocity v/2 is absorbed by a proton with
velocity —v/2, giving rise to a deuteron and a photon of energy E. The
reverse process, in which a photon with energy E causes a deuteron with
equal and opposite momentum to disintegrate into a neutron and a
proton with velocities v/2 and —wv/2, also occurs. Denote the cross-
sections for the two processes by g,,s and Og;s.

(a) A box of volume Y contains a number of neutron-proton pairs and
a number of photon-deuteron pairs. The centre-of-mass of each neut-
ron—proton pair is at rest in the box, and the relative velocity of each pair
is v. Similarly, the deuteron and photon in each pair have equal and
opposite momenta, and the energy of each photon is E. Show that

2 ‘ _
Ous = SLY R [(BIHO|A),

where A denotes the state for a neutron—proton pair, B the state for a
deuteron—photon pair, pg is the number of B states per unit energy
range, and H® is the perturbing Hamiltonian that brings about the
transition in either direction,

(b) Hence show that

Ogis moc |’

where m is the mass of the neutron, assumed equal to that of the proton,
and c is the speed of light.
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Solutions

9.1 Consider a small element of area dA4, perpendicular to the radius r,
where r is large compared to the range of the potential — Fig. 9.1. The
area dA subtends a solid angle dQ at the origin, where

dQ = E‘;‘i. (1)
"

The term u; = exp (ikz) in the wave function represents the incident
particles with density

Gy = ll..‘i\z =1, 2)
while the term
1, —_
u, = —f(6, ) exp (ikr)
represents the scattered particles-with density

7

0, ¢)|? "
G, = lu,p = LLE A ©)
The number of scattered particles passing through dA in unit time

= (density of particles atr) X v X dA

- 'f(e;z A, a4 = (16, B v de, @

where v is the velocity of the incident and scattered particles. The
incident flux is

F=G,xv=uv. (5)
Inserting (4) and (5) into the definition of do/dQ gives

do 2 .

o =116, 9) ©)
Comments

(1) The function u; is not normalised, because |u;|> =1, which when
integrated over all space gives infinity. However, the function gives a
finite flux for the incident particles, and a finite cross-section.

Even so, the function exp (ikz) cannot be an exact representation of
the incident beam, because it implies that the beam has infinite
dimensions perpendicular to the direction of the beam. In practice the
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cross-sectional area of the beam is, of course, finite. To represent a
practical beam we need a wave packet. This consists of a set of plane
waves, with a spread of wavevectors k. Strictly speaking, we should
calculate u, for each individual k, and add the results. However,
provided the dimensions of the beam are very large compared to the de
Broglie wavelength, a condition normally well satisfied, the spread in the
k values is very small compared to their mean value, and the result of the
full calculation is usually almost the same as the one we have done. So we
normally do not consider anything more complicated.

(2) A related point is that when we measure or detect the scattered
particles, the detecting device must be outside the path of the incident
beam - Fig. 9.2. This separation of the incident and scattered beams
enables us to identify the terms u; and u, in the wave function as
representing the incident and scattered particles.

“ detector

scattering
potential

aperture to define
incident beam

Fig. 9.2. Geometry of scattering experiment.

9.2 We are considering scattering at a fixed value of incident wavevector
k and scattering angle 6. So the scattering vector k is fixed, and we may
take it as the polar axis in the integration over all space.
Since the potential is spherically symmetric, i.e. it depends only on the
magnitude of r, we have
. 00 T
f V(r)exp (icer)dr = 2 V(r)r?dr j exp (ikr cos p)sinpdp, (1)
: :gm Jo 0
where p is the angle between r and the polar axis. Put u = cos p. Then
du = —sin pdp, )
and
4 . 1 . 2 . -
f exp (ikr cos p) sinpdp = J exp (ixru)du = - sin Kr. 3)
0 -1

Inserting (3) in (1) gives the resuit.
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9.3 (a) The Born approximation gives the scattering amplitude

f(0) = =551, (1)
where
I = J V(r)exp (ixr)dr. (2)
all
space:

Using the result of the last problem, with V(r) = (B/r)exp(—yr), we
obtain

= AP | sinkrexp(—yr)dr. 3)
K Jy '
The integral is readily evaluated by expressing the sine function as

sinkr = —%{exp (ixr) — exp (—ikr)}, (4)

and noting that the integrated expression vanishes at r = o due to the
factor exp (—yr). The result is

4r

= 7 (5)
Thus from (1) and (5)
do _ i oomn_ | 2mB 1’ -

(b) a-particles are scattered by the electrostatic interaction between the
charge 2¢ on the a-particle and the charge Ze on the nucleus. The
potential is

2Ze* 1

V(r)= 47T€0 —T— (7)

This is represented by the potential in part (a), with

, 2Ze?

, y=0. 8
drey” 7 (&)

Inserting these values in (6) gives

do _ ) mZe? \* )
dQ  \meh?s?) "

The energy of the w-particle is
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- P KK
E 2m  2m’ (10)

where p is its momentum. Since x = 2ksin (6/2),

H*i® = 8mE sin? —g— (11)

Inserting (11) in (9) gives the required result.

Comment

Although we have obtained the Rutherford formula, the method is not a
rigorous proof, because (9.9), the form of the solution to the Schrédinger
equation on which the method is based, -applies only to a potential V(r)
that tends to zero faster than 1/r as r — . This condition is satisfied by
nuclear forces, which are short range, and also by the electrostatic force
on a charged particle due to a nuclear charge screened by electrons, but it
is not satisfied by a pure Coulomb potential. In this case it turns out that
the function exp(ikz), which represents the incident particles in the
absence of the potential, is not the correct asymptotic form for "the
incident particles when the potential is present. In other words, the
Coulomb potential is so long-range that the incident wave is distorted
even at infinity. The calculation for this potential is more complicated
than that for the short-range potential; it is given in Chapter 3 of Mott
and Massey (1965). The final result is the same as the one we have
derived.

Rutherford obtained the same result in 1913 using classical mechanics.
As we have noted before, a quantum mechanical result that does not
contain the Planck constant can usually be derived by classical reasoning.

9.4 From (9.1) the number of particles scattered per second, through an
angle 8, into a small solid-angle dQ, by a single nucleus, is (do/dQ) F dQ,
where F is the incident flux of particles. If the particles strike a small area
A of the foil of thickness ¢, there are NAr nuclei in the incident beam.
Each nucleus scatters the a-particles independently. So the total number
scattered per second into dQ is

_ do -

The number of incident particles striking the foil per second is nj,, = FA.
Therefore, the fraction of particles scattered into d€2 is
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Nge do .
= —__ Nt dQ.
T Nt d (2)

f=

Note that (1) assumes that the flux remains close to its initial value as the
beam of particles traverses the foil. This is only true if the thickness of the
foil is sufficiently small. Otherwise the flux decreases exponentially.

(b) Insert the values E = 7.68 MeV = 7.68 X 1.602 X 1072 J, and 6 = 45°
in the expression for do/dQ in Problem 9.3b. This gives
do

ol 4.10 x 1073 x Z2?m?, (3)

The number of gold atoms per unit volume is

_10°Nap

N AW 4)

where p is the density of gold, AW is its atomic weight, and N, is the
Avogadro constant. Putting p = 19300 kgm ™, and AW = 197 gives

N =5.90 X 10%® m™, (5)
The solid angle subtended by the scintillator at the point C is
dQ = area of scintillator/(distance to C)? = 1072 st. (6)

Inserting (3), (5), and (6) in (2), together with f=3.7x 1077, and
t = 2.1 %1077 m, we obtain

Z =85, - (7)

which may be compared with the correct value of 79.

Comment

With the exception of the value of E, the energy of the a-particles, the
numerical values of the problem have been taken from the original
experiments of Geiger and Marsden (1913), in which they measured the
scattering of a-particles over a wide range of variables, and found it was
in good agreement with the Rutherford formula. Geiger and Marsden
overestimated the value of E by about 15%, which resulted in a similar
overestimate for the value of Z. At the time of their measurements the
value of the nuclear charge was not known, but they con'cluded-? from
results for seven different elements, that the Z value is about one half the
atomic weight — a very good estimate for a pioneering experiment.
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9.5 The total scattering cross-section o,, and the absorption cross-
section 0Oy, are defined on p. 180. A particle is removed from the beam if
it is either scattered or absorbed. (We may neglect the very small fraction
of particles that are scattered in the forward direction and remain in the

beam.) If we put
Ot = Ogc t Oyps; (1)

then
o, = (number of particles removed from the beam in unit time)/F, (2)

where F is the flux of the incident particles.

Consider the neutron beam in the direction z, incident on a disc-shaped
volume of air, of unit area and thickness dz — Fig. 9.3. Let F be the flux
incident on the disc, and F + dF the flux emerging from the disc. The
neutrons are scattered by the nitrogen and oxygen nuclei in the air, and
we may consider the two types of nuclei separately. The volume of the
disc is dz, and it contains nydz nitrogen atoms, where ny is the number
of nitrogen atoms per unit volume of air., From (2) the number of
neutrons removed in unit time by the nitrogen nuclei in the disc is
owny Fdz, where oy is the value of o, for nitrogen. A similar expression
applies for oxygen. Thus the number of neutrons removed in unit time is

sFdz = —dF, (3_)
where

s = Onhn + Owlip. 4)
unit
area
F —» F4dF

B

dz

Fig. 9.3. Attenuation of particle flux.

Integrating (3) we have

F = Fyexp(—s2), (3)
i.e. in traversing a distance z in air, the value of the flux drops by a factor
exp (—sz).
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Assume air is 80% nitrogen and 20% oxygen. Then ny =4ng. The
atomic weights of nitrogen and oxygen are 14 and 16. Thus the density of
air is

= {(4 X 18) + (1 X 16)}—22 (6)

P . SRR TV 6)

where N, =6.02 X 10® mol™! is the Avogadro number. For p=
1.20 kgm™, this gives

ne = 1.003 x 10* m3, (7)
For the values in the problem,

on = 133X 107% m?, o0, =42 % 10738 m?, (8)
whence s = 0.0576 m™!, and, for z = 1m,

exp (—sz) = 0.944, 9)

i.e. the attenuation of the beam is 5.6% per metre.

Comments

(1) For many experiments with thermal neutrons, the attenuation of the
beam by air is tolerable, so the measurements can be made without
evacuating the path. This is of course not possible in experiments with
charged particles, which produce such large ionisation that they must be
done in a vacuum.

(2) Thermal neutrons are scattered and absorbed by nuclei. Therefore
the cross-sections o, and o, depend on the particular isotopes. The
values given in the problem are the mean values for the natural elements.

9.6 (a) The wavelength of the neutrons is A = h/muv. So if
h h _.
= — L —, 1
mA  ma M)
then A>> a, i.e. the wavelength of the particles is large compared to the
range of the potential. For this condition only the s-partial wave is
scattered, which means that the scattering is spherically symmetric.

(b) The wave u(r) for the s-wave depends only on r, and may be written
as -

u(r) = _X(_Q, (2)

r

where y(r) satisfies the equation — see (9.16) -
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d’y 2m
v + k2 - —---V I 4 = 0.
dr2 { 2 ( )}X (3)
The potential is shown in Fig. 9.4(a). Thus
iy | . _ _d'zx 2 B
E;_;"**‘JX—O r<a, a}f-z—_+k21—0. r>aq. @
E
0 l- -~ 0 |- = —rr—,
1 w T £ w
energy energy
0 a 0 a
(a) (b)

Fig. 9.4. Radial square-well potential, (a) For E >0, the particle is scattered —
Problem 9.6. (b) For E <\, the particle is bound by the potential — Problem 9.7.

The required solution for the first equation is

x(r) = Asinjr, )
where A is a constant. It must be of this form (no cosine term), because
the first equation applies at the origin, and to ensure that u(r) is finite at
the origin, y(7) must be zero at that point. We write the solution of the
second equation in the form

x(r) = Bsin(kr + 0), (6)
where B and d are constants. Since the second equation does not apply at
the origin, it is not necessary for its solution to be zero at that point. In
the absence of the potential, the function x(r) would have the form
Bsin kr for all values of r. So the é in (6) is the change in phase of the
asymptotic form of the s-wave due to the presence of the potential, i.e. it
is the s-wave phase shift §,. The values of x(7) and y'(r) are continuous
at r = a, which gives a relation for 8. Equating the values of the functions
at r = a in (5) and (6), we have

Asin ja = Bsin(ka + d), (7)
jA cos ja = kB cos(ka + 0). (8)

Dividing one by the other we obtain the required result
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jtan(ka + 0) = ktan ja. 9)
(c) The scattering length b is defined by
. tand
= — — 0
b= —lim-— (10)
From (9)
e . _ .tanka +tand
ktanja = T = tan katan &’ (1)
whence.
tan & = ktan ja — jtan ka 12)

j + ktankatanja
As k—0, tanka— ka, and ja— (2mW)1/2a/h =y, while the term
k tan katan ja tends to k%atan ja, which may be neglected in comparison
to j. Thus

tan 8 — Kt30J@ ~ Kja _  tany =y (13)
J y |
From (10) and (13)
b=af1 - 222), (14)
_ y
(d) For s-wave scattering, (9.22) together with the result Py(6) = 1, gives.
_ _ 1 8 N e (1 sy 10O :
f(0) = ﬂ{_exp (2i6) — 1} = exp (id) . (15)
The differential scattering cross-section is
do g Sin? 8 1
— = |f()* = : 1
o HOI 2 (16)

As k— 0, tan § becomes proportional to k and thus tends to zero; 0
tends to zero or a multiple of 7. Then, from (10), (15), and (16),

do 2 .

The total scattering cross-section o, is obtained by integrating do/dQ
over all directions in space. Since do/dQ is independent of direction in
this case, the result is simply

f(@) — —b, and

\2
Oy = 4b? = 41m;2(1 - t_,a;ly ) : (18)
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Comment

The actual potential for the nuclear force between a nucleus and a
neutron is not known in detail, and is not a static function of the
separation distance. However, the force is certainly attractive and
short-range, and the essential features of the nuclear scattering of thermal
neutrons are correctly represented by the simple potential of the present
problem. The range of the force a is of the order of a few times 107" m.
The wavelength A of thermal neutrons is of the order of 1071 m. Since
k = 2a/A, ka is of the order of 10~*. Except for rare cases where the
quantity y = (2mW)"Y2a/a is very close to an odd multiple of 7/2, the
approximations made in the problem are valid, and the scattering
amplitude f(6) is a real constant, independent of € and of k, i.e. of the
velocity of the neutrons. The constant is —b, where b is the scattering
length.

The scattering length of a nucleus depends on the particular nuclide,
and also on the spin of the nucleus—neutron system. Our understanding
of nuclear forces is not adequate to allow us to calculate the values of
scattering lengths from known nuclear properties. Instead, we treat them
as empirical quantities and determine their values experimentally. Unlike
the corresponding quantity for the scattering of X-rays by an atom, which’
varies smoothly with atomic number Z (because X-rays are scattered by
the electrons in the atom), nuclear scattering lengths vary erratically from
one nucleus to another with neighbouring values of Z and N (neutron
number). Most of the values are of the order of 107 m.

9.7 (a) For a neutron in a bound state of zero orbital angular
momentum in the potential of the last problem, (9.6.2) and (9.6.3) apply
as before. The only difference is that the energy E is now a negative
quantity — see Fig. 9.4(b). The equations satisfied by the function y(r) are

X+ 7Px=0 r<a, X' —-v%=0 r>a, (D
where

) 2n : 2mE -

f="3W+E), y=-7 2)

h2
Since E is negative, y is real, and we take it positive. The two solutions
are

x= Asinjr, and x= Bexp(—vr). (3)

The function exp (yr) is also a solution for r > a, but is rejected because
it tends to infinity at large r. Equating x(r) and x'(r) at r =a, and
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dividing the two resulting equations, gives

cot ja = ——l 4

J
The values of E for a bound state are those for which j and y satisfy this
equation. At this point we may note that the equation is identical to
(3.3.11). So the number r of bound states in the present problem is given
by the number of odd-parity solutions in Problem 3.3. From the reasoning
in part (¢) of the problem, n is given by

(n —-%)_n <y<(n+ . (3)
See Comment (1) below.

(b) Eq. (9.6.14) shows that the scattering length is positive if tan y < y.
This cannot be satisfied for y < 7/2. So a positive scattering length means
that y > 7/2, and therefore, from (5) there is at least one bound state.

Comments

(1). Although the algebra for the odd-parity solutions of Problem 3.3 and
the solutions of the present problem are the same, and lead to the same
numerical conclusion, the physical situations are not the same. Problem
3.3 is a one-dimensional problem, -and the function u(x) in (3.3.1) is the
actual wave function. Problem 9.6 is one in three dimensions, in which
the orbital angular momentum is zero. This permits us to write the
spherically symmietric wave function u(r) as x(r)/r. The differential
equation satisfied by x(r) is the same as that satisfied by u(x), and the
boundary conditions for the former at r = a are the same as those for the
latter at x = a. However, at r =0, we must have ¥y =0, so only the sine
solution is permissible for r < a. In the one-dimensional problem, there is
no such restriction on u. So both the cosine and sine solutions are
permissible. For this reason, in one dimension, there is always at least
one bound state for an attractive potential, ho matter how weak it is,
whereas, as we have seen, this is not true in three dimensions.

Although the algebra for the three-dimensional solution follows that of
the odd-parity one-dimensional solution, the parity of the former is not
odd. Since it is an s ({ = 0) state, the parity is even.

(2) If the quantity y is equal to an odd number of 7/2, then tany is
infinite and so is the value of the scattering length given by (9.6.14). This
is a resonance potential, which gives rise to an infinite scattering
¢ross-section. As y increases, the results of the present problem show that
the number of bound states increases by unity every time y passes
through one of the resonance values. The new bound state corresponds to
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L]

one of zero energy. It is easy to show that in this situation the range of
the potential is exactly equal to an odd number of half-wavelengths of the
sine wave solution.

(3) The scattering lengths of the proton provide a simple illustration of
the ideas of the last two problems. Since the proton and the neutron both
have spin 3, the neutron—proton system has spin values 1 and 0. The
former has degeneracy three, and is known as the triplet state; the latter
is the singlet state. Each state has its own value of the scattering length.
The measured values are b, =10.8fm, and b, = —47.4fm. (1fm=
.10-—15 m)

Since b, is positive, there must be at least one bound state for the
neutron-proton system with spin 1. This corresponds to the deuteron.
The latter is known to have no excited states, so the triplet system has
exactly one bound state. Representing the interaction by our simple
square-well potential, we see that the value of y lies between 7/2 and #, If
we assume a value for the range a, then the value of b,, together with the
relation (9.6.14), gives the value of y, and hence the depth of the well.

‘The singlet scattering length b, is negative. This does not necessarily
mean that there is no bound singlet state. But in fact such a state does not
exist. So for the singlet potential the value of y is less than 7/2. The fact
that the numerical value of b, is fairly large means that there is almost a
bound state, i.e. if the singlet potential were slightly deeper or had a
slightly longer range, a bound singlet state would exist.

9.8 (a) The scattering amplitude in the Born approximation is

0) = — 1
£(8) = 5051, M
where
I= f V(r) exp (ixer) dr. 0)
pace
For V(r) = gé(r), the exponential term is evaluated at r =0. So I = g,
and

f6)=~Tze. )

(b) Since g is a constant, f(6) is a constant, which, for the nuclear
scattering of thermal neutrons, is —b, where b is the scattering length.
So, in the Born approximation, the delta function form of the potential
gives the required scattering length b, provided we choose g to be
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_ 2un?
g ]

n

b, (4)

where m,, is the mass of the neutron

(c) Neutrons travelling in a vacuum pass into a medium of scattering
material as shown in Fig. 9.5(a). If the wavenumber of the neutrons is kg
in the vacuum, and k in the medium, the refractive index of the medium
is defined to be

k
n=—— (5)
0
[ |
\ l
k_O' II yvacuum ko_ | vacuum
k /
17 % I -/r =900
| I .
I medinum i medium
(a) b)

Fig. 9.5. (q) Refraction. of neutrons by medium with positive scattering length.
(b) Critical external reflection.

Each nucleus is at the centre of a potential which scatters the neutrons,
and we take each potential to be of the S-function form. The average
value of the potential in the medium is obtained by integrating the
potential function over a volume containing a large number of nuclei, and
then 'di-viding_ by the volume. Take the latter to be the unit volume. The
integral of gé(r) over all space is equal to g. So the average value of the
potential in the medium is

-
V=Ng= NZWh

b, (6)

n
where N is the number of nuclei per unit volume.
Denote the energy of the neutrons in the vacuum by E. This energy is
entirely kinetic. The kinetic energy of the neutrons in the medium is
E — V. Thus

2m

2y SME = T), ()

han, k2 =

From (5) and (7)

n= (1 = %)w. ®8)

k=
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From (6) and (7)
V _4aNb _ NbX
E K T ©

where A=2n/ky is the wavelength of the neutrons in vacuum. Now
N ~ 1/d®, where d, the average distance between the atoms in the
scattering material, is of the order of 1071 m. The wavelengths of thermal
neutrons are also of this magnitude. Since the values of b are of the order

of 107 ¥ m,

Nb# ~ L~ 10, (10)
Therefore, V << E, and

|, v\~ vV NbA?2 o

—(1 “E) ~ 1o =122 (11)

(d) Since NbA? < 1, n is just less than 1 for positive b, and just greater
than 1 for negative b. In the former case the neutrons are refracted away
from the normal at the surface of the medium as shown in Fig. 9.5(a). For
critical external reflection we have — see Fig. 9.5(b) —

_ sini _ cosY. _
sin r 1 (12)

Since » is close to 1, v, is small. Thus

_ ; ~ NbA? _
cosye = 1= ~n=1-"", (13)
ie.
{ Nb\"2
Yo = (——) A (14)
T
Comments

(1) The condition for the validity of the Born approximation in scattering
problems is that the wave function representing the incident particles
should be. only slightly disturbed by the scattering potential. This
condition is not satisfied in the scattering of thermal neutrons, where the
initial wave function is strongly perturbed. Nevertheless, provided the
potential is represented by a J-function, the approximation gives the
correct result, namely, a scattering amplitude f(6) which is a constant,
independent of @ and of the neutron energy. This is the justification for
its use, which greatly simplifies the theoretical treatment of thermal
neutron scattering. Note that the &-function potential is simply a
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convenient mathematical device, and bears no relation to the form of the
actual potential.

(2) The phenomenon of total external reflection of neutrons has
important applications in experimental work. Measurement of the critical
angle y. provides an accurate method for the experimental determination
of the scattering length. Another application is in neutron guide tubes,
which provide a means of guiding neutron beams over large distances by
reflections from the inner surfaces of the tube. The principle is similar to
that of guiding light beams with optic fibres.

9.9 (a) The dependence on 8 for a p-wave (/ =1) is given by the
Legendre polynomial P,(8)=cosf. So the angular part of the given
function u(r, ) has the required form for a p-wave. It remains to show
that the radial part R(r) has the correct form. Put R(r) = x(r)/r. From
(9.16), outside the range of the potential, x(r) satisfies

dy , I+ } |
SA - T b, 1
dr? { r? _ x (1)
with [ = 1, For the given u(r, 8),

Ar) = (1 + -/(‘7) exp (ikr). 2)

Differentiating this twice with respect to r and substituting in (1) shows
that the equation is satisfied with [ = 1.

(b) Outside the range of the potential, the wave function for s and p
waves has the form

u = exp(ikz) + 2 exp (1K) + *'3*(1 * %)‘CXP (ikr)cos6,  (3)

where A and B are constants. The term in A is the spherically symmetric
s-wave, and the term in B is the p-wave. As r —

f(8)

u — exp (ikz) + ==

exp (ikr). (4)
Equating terms in (1/r) exp (ikr) in (3) and (4) gives
f(6) = A 4+ Bcos 8. | (%)

Since the scattering object is an impenetrable sphere, the wave function
vanishes on the surface r = a. Thus

exp (ika cos t) + %exp (ika) + g(l + _kl;) exp (ika)cos 8 = 0. (6)
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The terms on the left-hand side that are independent of & must sum
to zero, and similarly the terms proportional to cos@. Expanding
exp (ika cos @) in powers of ka we have

exp (ika cos 8) = 1 + ika cos @ — j(ka)? cos® 8 + O(k*a®). (7)

We cannot make the terms in cos? @ sum to zero in (6), because that
would require the contribution from d-waves, which are excluded.
However, we need to take into account the average value of cos? 8, which
is 3. Summing the terms in (6) which are independent of @ gives

1 - Yka)? + %exp (ika) = 0, )

whence
A = —a{1 — ¥(ka)*} exp (~ika). 9)

Summing the terms in cos 0 gives
ika + 21+ ) exp(ika) = 0 (10)
a ka ) *P¢ ) |
Since ka <« 1, i/ka >> 1. Therefore to terms in (ka)? .
B = —a(ka)*. (11)
From (5), (9), and (11), the differential scattering cross-section is
do . .
0= |£(®)]2 = |A + Bcos 8.
= a*{1 — ¥ ka)* + 2(ka)? cos 8}, (12)
to terms in (ka)>.
9.10 (a) Denote the number of neutron—proton pairs in the box by N4,
the number of deuteron-photon pairs by Ng, and the number of

transitions A — B per unit time by 7n,_,5. Then from the definition of a
cross-section

_ NA-B
Tabs = OaB = F: ) (1)

where F,, the neutron flux, is given by

-FA = 1—¥,£U._ (2)

From the Fermi golden rule
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Ra-B = “—pBl(B|H(])|A>|2NA' )
Therefore
27
Opp = S YEX|(BIHV|A)P (4)
(b) By the same reasoning we have:
2m .
Ogis = OB,A = TY ‘<A|H1‘B>|2 (5)

In deriving this equation from (4) we have replaced the relative velocity
of the neutron and proton by the relative velocity of the deuteron and the
photon, which is ¢, the speed of light. The perturbing Hamiltonian H is
the same for transitions in either direction. Since H® is a Hermitian
operator

(A[HD[B) = (B|HD|A)*, (6)
i.e,

 (AIH®[B)[? = [(BIHO|A) . (7)

From (4), (5), and (7)

abs p B C (8)

Odis Pa U

Pa is evaluated by the standard method of allowing only those neutron
states for which the de Broglie waves are periodic in the box. (This is
the same as the number of proton waves, because for each neutron-
proton pair the momenta of the two particles are equal and opposite.)
The result is -

_ Y Pa ;

In this expression, p, = %mu is the momentum of the neutron or proton in
the centre-of-mass frame, and g,, the spin degeneracy of each momen-
tum state, is given by

ga = QI + DRI, + 1), (10)

where I, and I, are the spins of the neutron and proton. Since
I,=1, =3, 8a = 4 pg is given by the expression analogous to (9), i.e.

2
Y
Pp = P

Py — 8 (11)




206 Scattering, reactions

where p,, is the momentum of the deuteron or the photon. It is easier to
calculate the latter. Since the energy of the photon in the centre-of-mass
frame is E, its momentum is

E

Po = — (12)
The spin of the deuteron is I = 1; thus its degeneracy is three. The
analogue of spin states for the photon are its polarisation states, of which
there are two. These may be regarded, either as states of linear
polarisation along two perpendicular directions, or as left- and right-
handed circular polarisations. So gg =3 X 2 = 6.

Inserting (9) and (11) into (8), with the values of g, and gg, gives

2
oo L), -
T dis moc '
Comment

We normally do not measure E, the energy of the photon in the
centre-of-mass frame, but rather Ey, its energy in the laboratory frame
in which the deuteron is at rest. It is straightforward to calculate the
relation between E;,, and E. The result is '

Ela E :

T 1+ M. (14)

where M, is the mass of the deuteron. The energy of a thermal neutron is

of the order of eV, so the energy of the photon in the reverse reaction is

only just greater than the binding energy of the deuteron, which is about

2MeV. The value of M,c? is about 1860 MeV. Since the ratio of the

cross-sections is proportional to E?, the error in the ratio from assuming
E = Elab is abDut 0.2% R
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10.1 (a) By considering the quantity I = j (Af + g)*(Af + g)dr, where
f and g are general functions of position, and A is a real constant, show
that

[refar [grgar= %{j(f*g . 8*f)dr}2.

This result is known as the Schwarz inequality .

(b) The operators A4 and B represent a pair of observables. When a
system is in the state 1, the observables have expectation values

a= Jip_*Atp'dr, b =-f1p*szdr,

and uncertainties Aa and Ab given by

(8a) = [y*(A - @Ppdr, (AbY = [y*(B - bYyar.
Use the Schwarz inequality with

f=(A-ay, ad g=iB->by,

to show that
2

(Aa)(Ab)? = — i{ j Y (AB — B,A.)wdt} .

(c) Show that, for the observables position and linear momentum, this
gives the uncertainty relation

Ap,Ax = i

(d) Show that, if Ap,Ax = #/2, then vy is a Gaussian.

10.2 The position probability function of a one-dimensional harmonic
oscillator in equilibrium at temperature 7 is
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1 IR
f(x) = 53 exp (= E,/ka T)us(x),
where u, is the normalised eigenstate of the Hamiltonian for the quantum
number n, E, is the corresponding energy, and

Z= EGXP("En/k_BT)-

The quantity f(x)dx is the probability of finding the particle with
displacement between x and x + dx. The particle is to be regarded as a
member of an ensemble of similar particles at temperature T, so it is not
in a single state n, but in an incoherent mixture of states, each state being
weighted by the appropriate Boltzmann factor. Show the following.

@) g_£ = —%(2mw/h)1/22' exp (~En/ksT)

X {\/nun—l'un'- - \/(n + Dutyttps1}s
Xf = 2 (1/2m)"S, exp (- E,/ksT)

X AV gty + V(1 + Dttty a1},
where m is the mass, and w the angular frequency.
(b) f(x) = cexp(—x*/20°),
where o = (i/2mw) coth (hw/2kg T), and ¢ is a constant.

(c) In the high-temperature limit (kg7 > hw), the function f(x) tends
to the expected classical form.,

10.3 A particle of mass m and charge e moves in the xy plane in a
uniform magnetic field B along the z direction.

(a) Given that the Hamiltonian is
2m ’
where p is the linear momentum, and A is the vector potential, show that
1 5,
H = >—{p; + p; + eBOP: = apy) + 1€’ B(x* + y))}.

(b) Show that the operators b and b’ defined by
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b = V(ze Bf)(zeBx +ip, + sieBy — py),

1 L :
5" = <oy QB — ips — Hieby ~ ).

satisfy the relations
bb-}»=%+%’ bt _=_____:12,
where w = eB/m.
c) Hence show that the energy of the particle. is
(c) gy P
E = (n + j)ho,

where n is zero or a positive integer.

10.4 A one-dimensional harmonic oscillator has mass m and angular
frequency @. At time ¢=0, a time-dependent state y(x,t) of the
oscillator is an eigenfunction of the annihilation operator a with eigen-
value u (a complex number), i.e.

ay(x, 0) = py(x, 0),
Show the following.

N S
(a)  9(x,0) = o, —7—Un;
( 0,,,:0 ,\/(n!) #i

where u, is the normalised eigenfunction of the Hamiltonian with
quantum number n, and ¢, is a normalising constant.

(b) At alater time ¢, y(x, r) is' an eigenfunction of a with eigenvalue
pexp (—iwt).

(c) If u= Aexp (ip), where A and p are real, then

W0, O = g e (=(x = x0)*f20%),

where
s h

Xg = ZO'A.COS-(p - COI)_, g = m.

(d) Sketch the form of |(x, t)|* at various times.

10.5 Consider a ring of N equally spaced ions, each with spin 3, with an
interaction between neighbouring ions given by the Hamiltonian
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N
1
H = —EJEO',"U“,I,

.

i=1

where o; is the Pauli spin operator for the ith ion, and J is a constant,
(An arbitrary ion is selected for i = 1.) A weak magnetic field is applied
perpendicular to the ring, so all the o,s have the eigenfunctions & or .
The ground state y, of the system corresponds to all the spins being in the
state &«. We denote by y; the state in which all the ions are in the state ,
except the jth ion which is in the state 8. Show the following.

@)  oroLy =y JEiori+l, ,
0" i1 Xi = 2Xix1 — Xis
0, 01 Xie1 = 2% = Xir1-
(b) If y= 2 c,x, is an eigenfunction of the Hamiltonian with energy
E, then
(E - Eﬂ)cn = J(ZC,, — Cyy1 cn-l)a
where
Eq = —3JN.
(c) If ¢, = (1/\/N)exp(igna), where a is the distance between the
ions, then
E — Ey=2J(1 -~ cos ga).

10.6 In a crystal lattice with orthorhombic symmetry, the electrostatic
potential near a 2P3/2 ion can be written as

V(r) = Ax* + By? — (A + B)z?,
where A and B are constants. A set of space wave functions for the free
ion is

Y1 = R(r)Yy, Yo=R()Y, Y-1=R(rY -y,

where R(r) is a function that depends on the Hamiltonian of the ion, and
Y1, Yigs Y11 are spherical harmonics.

(a) Show that the matrix of V(r) on the basis of ¥y, v, ¥-; has the
form

A<+ B 0 | —-A+ B
14 0 -2(A + B) 0 ,
—-A+ B 0 A+ B

where ¥ is a constant.
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(b) Show that the matrix of V(r) on the basis of the states M, =3/2,
12, —1/2, —3/2 is

a 0 b 0
0 -—a 0 b
b 0 —a 0|’
0 b 0 a

where @ = y(A + B),and b = (B — A)/V3.

(c) Assuming that the effect of V(r) is small, show that the first-
order changes in the energy of the ground state are +V/(a” + b?), each
value being doubly degenerate, and that one of the eigenstates for the
positive energy change is cos(8/2)|3/2) + sin(6/2)| — 1/2), where 6=
tan~! (b/a). What are the other eigenstates?

[Hint. In terms of Cartesian coordinates, the spherical harmonics for
I =1are

Yi = —GBm)Y(x +iy)/r, Y= (3/4m)"7z/r,

Y1 = (3/8m)3(x — iy)/r,
where.

P = x4 y? + 72

10.7 A system of protons is subjected to a steady homogeneous
magnetic field B along the z direction, and a rotating magnetic field in the
xy plane with components B, cos wt along x, and — B, sin wt along y.

(a) Show that the Hamiltonian has the form
H=HO 4+ HO,

where
HO = _%h'wLoz’_ W, = }’pB,

H®Y = —law,.(o, cos ot — o,sinwt), o, =y,B,.

0., 0,, 0, are the Pauli spin operators for the proton, and y, is its
gyromagnetic ratio.

(b) If the spin wave function is given by
(1) = coexp(iot2)a + cpexp(—iw t/2)B,

where @ and § are the eigenfunctions of og,, show that the coefficients ¢,
and cg satisfy the relations
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de,
T = }iw, exp (igt)cg,
dCﬂ _1

—L = 21w,exp( ig)cy, q = w— w.

(c) If at ¢ = 0 all the protons are in the state a, show that the fraction
in the state S at time 7 is given by
2
ep(OF = o sin? (V(a? + wef2).

(d) Compare this exact expression for |cg(¢)[* with that given by
first-order perturbation theory.

10.8 A neutron interferometer is a device for splitting a monoenergetic
beam of thermal neutrons into two spatially distinct beams and bringing
them together again in a coherent combination — Fig. 10.1. While they are
separate, a magnetic field may be applied to one of them so that, if the
initial beam is polarised, the direction of the neutron spin may be rotated.
Such an instrument is set up so that before recombination the two beams
have equal intensities, and, in the absence of any magnetic fields, their
effective path lengths are equal. Take x, y, z as a right-handed set of
Cartesian axes, and denote the eigenstates of S§,, the operator cor-
responding to the z component of spin angular momentum, by « and S.

P

L b c
I I .

11 II

-

m

detector

initial
beam

Fig. 10.1. Neutron interferometer. The splitting and recombination of the neutron
beams is done by Bragg reflection at the three plates, a, b, ¢, which are part of a
single crystal of silicon. Bragg reflection has no effect on the spin, which remains in
the same. direction in space irrespective of a change in the direction of the neutron
path. A magnetic field may be. applied at P to rotate the spin in beam 1. The two
beams are combined coherently by plate ¢ to give beam I11.

(a) Show that, if the incident beam is in the state o and a constant
magnetic field B, along the x axis, is applied to one of the separated
beams for a time ¢ = wh/2u, B, where y, is the magnetic dipole moment
of the neutron, the direction of the spin of the neutrons in this beam is
reversed.
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(b) The spin direction may also be reversed if B acts along the y axis
for the same time. Is there any difference in the spin wave function of the
neutrons after traversing the magnetic field in the two cases? What is the
direction of the spin for the final combined beam in the two cases?

(c) If the magnetic field is applied along the x axis (i) for a time
t = wh/u, B, and (ii) for a time ¢ = 27A/u, B, all other conditions being
unchanged, what, in each case, would be the spin direction of the
neutrons in the single beam after traversing the magnetic field? Would
there be any difference in the intensity of the final combined beam in the
two. cases?

10.9 (a) Low-energy neutrons are scattered by a system of nuclei with
spin J (not equal to zero). If J and § are the spin angular momentum
operators (in units of %) for the nucleus and neutron respectively, show
that the eigenvalues of the operator J.Sare

1J forT=J+3% and —J+1) forT=1J-3,
where T is the spin of the nucleus—neutron system.

(b) Given that the operator for the neutron scattering length may be
written in the form

b=A+ BJ-S,

where A and B are constants, show that
A= {(J + 1)b* + Jb"}/(2J + 1),
B =2(b* - b7)/2] + 1),

where b+ and b~ are the scattering lengths (i.e. the eigenvalues of b) for
T J+ 2 and T=J- —_.

(c) Hence show that, for neutrons whose wavelengths are long
compared with the distance between the protons of a hydrogen molecule,
the total scattering cross-sections for ortho and parahydrogen are

Gorto = (30" + 672+ 2b" — bV,

O = %T(%* + by,

where 5™ and b~ are the triplet and singlet scattering lengths for the
bound proton. |

[The scattering length for a proton in a hydrogen molecule is 2 times the
bound scattering length; this is due to a reduced mass effect. |
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10.10 A particle of mass m and charge e is constrained to move in a
circular orbit of radius a. If x is the distance round the orbit, show that

(a) the functions
_1 exp (inx/a), _1 exp (—inx/a),
\/(2ma) | | \V(Q@ma) T
where n is zero or a positive integer, are solutions of the Schrédinger
equation with energy

n2h2

Eo = ’
2ma®

(b) the orbiting particle has magnetic dipole moment

. nehk

=+ __—-

o
A uniform magnetic field B is applied perpendicular to the orbit. Show
that |

(c) the field may be represented by a vector potential A, which acts
tangentially round the orbit, and has magnitude A = aB/2,

(d) for a fixed value of n, the two functions in (a) remain solutions of
the Schrodinger equation, with energies
where

2 212
E =3 p=BL - ea,
ma 2m

(e) the quantity E, corresponds to the paramagnetic energy, and E, to
the diamagnetic energy.
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10.1 (a) Put

u=[ffdn, v=[fgdn, w=[ggar (1)
Then

I= f‘(;Lf + @) (Af + g)dr = ul + (v + VA + w. )

Since the integrand of I cannot be negative at any point, / = 0. The
equality holds only if Af + g is everywhere zero. Therefore

ur? + (v + A+ w =0, (3)

But A is real. So the inequality (3) is equivalent to the condition that the
quadratic equation uA> + (v +v*)A+ w =0 has no real roots, or two
equal roots, which is

duw = (v + v*)2, (4)
i.e.

[rera [gegar = 4{ [(res + g*f)dr}-z- (5)

(b) With f and g as defined in the problem, the left-hand side of the
Schwarz inequality becomes

[{a - ayp)a - ayyar [ (B - By*i(B —Bywdr ()
N f Y*(A ~ a)*ydr f y*(B — b)ydr (7)
= (Aa)*(Ab)>. (8)
In the step from (6) to (7) we have used the fact that A and B are

Hermitian, and therefore A — 4 and B — b are Hermitian.
The right-hand side of the inequality is

-%iz[ [T ~ ayuy*(B ~ By — (B ~ Byy}*(4 - d)yldz G
= [y {4 - (B - B) - (B - b)(A - D)}y (10)

' f Y*(AB — BA)ydr. (11)

The other terms in (10) sum to zero. In going from (9) to (10) we have
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again made use of the fact that A — @ and B — b are Hermitian. Inserting
(8) and (11) in the Schwarz inequality we have

(Aa)¥(Ab)? = 1 f W*(AB — BA)ydr. (12)

(c) For the observables position and linear momentum
h d
=" ¢ pB= 13
A=—o- B=x, (13)
- h

AB - BA = . (14)
So

(ApY(Ax) = ~Y(nfi)?[y*yax = 112, (15)
since 1 is normalised. Thus

Ap.Ax = . (16)

(d) Put p, = & = 0, which does not affect the argument. Then
f=Tqr &=ixy (17)

The equality sign in (16) holds only if Af + g =0 for all values of x,
where A is a real constant. So the condition for equality is

= O ixy, -i.e. PP xy, (18)

the solution of which is
P = cexp (~x*/4A?), (19)

where c is a constant, and A? (a positive quantity) satisfies

Ah |

A= -2, 20

7 (20)

We could have written the solution without the minus signs in (19) and

(20). However such a solution would tend to infinity at large x, and is
therefore excluded. The parameter A is real and negative.

Comment

In Problem 2.3 we showed that for a Gaussian wave function the equality
sign holds in (16). We have now shown that if the equality sign holds, the
wave function must be Gaussian. Since the quantity A in (20) is real, so
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also is A?. A Gaussian with a complex value for A? does not give
uncertainties satisfying the equality condition. We have had an illustra-
tion of this in Problem 2.8. At time ¢ = 0, the wave function is a Gaussian
with a real value for A?, but as it develops with time A? becomes
complex. At t =0, A = A;, and the equality condition is satisfied, but
with increasing time A? increases according to (2.8.8). The uncertainty in
p, remains constant as shown in part (b) of the problem. Thus the value
of Ap,Ax increases.

10.2 (a) Use the annihilation and creation operators
a = 2mho) (mox +ip), a' = Cmho) " (mox —ip). (1)
Replacing p by (#/i) d/dx, and rearranging we obtain

x = (h2mw)(a + a¥), % = (mw/2h)(a — aV). 2)
Also :
auw, = \/nun—l-.a a*u,-,,= \/(n + 1)un+1-- (3)
Then
df 2 - . du,
97 = 23 exp (- Ey/ka Ty o
= -%(_me/h.)l/ZE_ exp (— E,/kgT)u,(aw, — a'u,)
= %(2}21 w/h)VES exp (—E,/ksgT)
X {\/nunun-l - \/(n + 1)un_un+.1}' (4)
Similarly

xf = %(h/me)l/ZE exp (—E,/kg T)u,(au, + a’u,)

S (h2mo)' "3, exp (= E,/knT)

X {V ru_qtt, + V(14 Dttt ). (5)

(b) In the sum over n in (4), a specific \/(n + 1)u,u,,, term occurs twice,
once multiplied by exp (— E,,/ky T), and once multiplied by

exp (—E,1/ks T) = exp(—hw/kgT)exp (—E,/kgT). (6)
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Therefore
df 1/2
= —(2maw/n)'*{1 — exp (—hw/kgT)}S,
where
1 . . _
= = Sexp(~E/ka TV (1 + Ditgttys.
Similarly
f = (h/2mw)*{1 + exp (—hw/ksT)}S.
From (7) and (9)

df __ 1
a' - 02 xfy
where
o = n_1+exp(—hw/kgT) _ n .
2maw 1 —exp(—ho/ksT) 2me ©
The solution of (10) is

f(x) = cexp(—x?/20%),

(7)

(8)

9)

(10)

11)

- (12)

where ¢ is a constant, which, if needed, is fixed by the normalisation

condition

fm fx)dx = 1.

(13)

o is the standard deviation of f(x), and we see from (11) that it increases

with 7', as expected.
(c) When kT > Ao,
2 kT

ho__ 2ksT and o°—

ot e T e mat

Thus
f(x) = cexp(—ma?x*2kgT).

For a particle in a harmonic potential, the potential energy is

V(x) = jmafx?,
Thus
f(x) = cexp{—V(x)/ksT}.

(14)

(15)

(16)

(17)
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Classically f(x) is given by the Boltzmann factor, which is just the
expression in (17).

Comments

(1) The result that the position probability function for a harmonic
oscillator is a Gaussian was first derived by Bloch (1932). It has an
important application in the diffraction of X-rays, neutrons, and electrons
from crystals. If the atoms in the crystal were rigidly fixed at their
equilibrium positions in the lattice, the waves representing the scattered
particles would give constructive interference in discrete, extremely
sharp, directions in space, specified by Bragg’s law. However, owing to
their thermal energy, the atoms are vibrating about their equilibrium
positions. Constructive interference occurs over a small range of direc-
tions around the exact Bragg direction, and the scattering in that direction
is correspondingly reduced. The term in the cross-section represerting
this reduction is known as the Debye—Waller factor. For a crystal with
harmonic interatomic forces, the Debye—Waller factor is a Gaussian
function of the scattering vector k, which may be shown to be a
consequence of the Gaussian form of the probability distribution function
for the atomic displacements.

(2) In part (c) of the problem we looked at the form of f(x) at high
temperature. We may also consider its form at low temperature, i.e.
when kg T << Aiw. Then

coth ZZ:T —1, and o*— 2—7275’ (18)
giving :
f(x) = cexp (—i’-’h—“—’x2) (19)

Comparing this with (4.9.23) we see that f(x)= us. This is to be
expected. When kg7 <« hw, the probability of the particle being in any
state other than the ground state is effectively zero.

10.3. (a) The magnetic field B is related to the vector potential by
B = curl A. So for a magnetic field in the z direction we require

(curlA), =0, (curlA), =0, (curlA), = B. (1)
The components of curl are given by
3A, 0A

. = . 2y
(curl A), 3, 37 (2)
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with cyclic permutation of x, y, z for the other two. It can be seen that
the equations in (1) are satisfied by

A, =-1By, A,=iBx, A,=0. (3)
The Hamﬂtonian is
=1 AV
=5 (P~ €A)
I SR 242 _
P (p* — 2ep'A + ¢°A%). 4)

Substitute the values of (3), together with p, = 0, into (4). This gives
= 5—{pi + Py + eBOp — ) + B + D). ()

(b) We have

bb' = (GeBx + ip, + jieBy — p,)

1
2eBh
X (JeBx — ip, — jieBy — p,)

1
QeBh

+ eB(yp, — xp,) + eBh}. (6)

(2B (x* + y?) + p2 + p?

In the last step we have used the fact that any x operator commutes with
any y operator, and the commutator values

[P X} = [Py, y] = Ly (7)

1

Comparison of (5) and (6), together with the relation w = eB/m, gives
the result
H

t — 1
bb 7=+ (8)
The relation
b'b —--h’wi. : 9)

is obtained in the same way.

(c) Egs. (8) and (9) show that the operators b and b', have the same
relation to the Hamiltonian as do a and a', the annihilation and creation
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operators for the one-dimensional harmonic oscillator — see (4.18) p. 54.
These relations lead to the result that the energy of the particle is

E = (n+3ho, (10)

where n is zero or a positive integer.

Comment

The results of this problem apply to a gas of free electrons in a magnetic
field. The important feature is that energy is quantised, the energy levels
being known as Landau levels. This quantisation forms the basis of the de
Haas-van Alphen effect, which is the oscillation of the magnetic moment
of a metal as a function of an applied static magnetic field B. The total
energy U of the system of electrons depends on the filling of the Landau
levels, and the magnetic moment u= —3U/3B oscillates with. B as
successive orbits are filled.

The electrons in a metal are not free — their wave functions are
modified by the periodic potential of the crystal lattice. So the simple
theory of the problem has to be modified. But the basic result of
quantised energy levels leading to oscillatory behaviour of the magnetisa-
tion still holds, Measurement of the variation of u with B, has provided a
great deal of information on the geometry of the Fermi surface. The de
Haas-van Alphen effect is discussed in most textbooks on solid state
physics — see for example Kittel (1986).

10.4 (a) If y(x,0) = y is an eigenfunction of the operator a, with
eigenvalue u, then

ay = py. (1)
Put
W= cotty. )
n=0

Since a is the annihilation operator, au, = \/nu,_,. Therefore, from (1)
and (2),

2 3 |
C1 = UCy, €3 = VMZ_Q = _\/(iz')Coa Cy = \73 €2 = \/éﬂ) Coo. (3)
and so.on. Thus
Cp, = ‘u Co» (4)
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giving
Yx, 0) —coz V( e 5)

(b) The function ¥{x,t) is obtained from y(x,0) by multiplying each
term in (5) by

exp (—iEyt/h) = exp {—i(n + 3)wt}. (6)
Thus
Wx, t) = coz \/( D) u, exp {—i(n + 3ot} @)
I {uexp (—iwr)}"
¢ exp ( :210”-)20 \/(n') Uy. (8)

Comparison of (5) and (8) shows that, apart from an irrelevant phase

factor, they have the same form with u replaced by upexp(—iwt).

So w(x,t) is an eigenfunction of the operator a, with eigenvalue

uexp(—iwt).

(c) The operator a is defined in terms of position x, and momentum
= (h/i) d/dx, by

1 1 d ' -

a= N CGmih )(mwx +ip,) = 55" + O 9)
where

"= Tma (10)
Putting ¢ = y(x, t), we have

ayp = yy, (11)
where

y = pexp (—iwt) = Aexp(i6), 8 = p — wt. (12)
From (9) and (11)

d: X .

F=Lv- 5w (13)
the solution of which is

2
v=cep(-2p + .g.) (14)

where c is a quantity that does not depend on x. Put
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|[y? = [c[* exp (= G), (15)
where
Xt X, e X2 2%
G—W ?('}’+'}’)— 2.02. p cos 0
= _—2—(1;5—(x — 20Acos ) — 24%cos? 6. (16)
Thus
[Y|? = || exp (2A? cos? 8) exp {—(x — x)*/20?}, (17)
where
xg = 20Acos 6 = 20Acos(p — wt). (18)
We finally use the normalisation condition
[ Iwfax=1, (19)
together with the result |
| e (~(x -~ xof 20"} dx = Y 2m)o, (20)
to obtain
o 2 — 1 . _ _ \2 / 2 P \
90, DF = 7 P (= (x = x0)'/207). @D

Note that the factor exp(24?cos’8) disappears in the normalisation
process, i.e.

(d) The results in (18) and (21) show that |y(x, ¢)|* is a Gaussian function
which undergoes simple harmonic motion with unchanged shape. The
standard deviation or width of the function is o, while the amplitude of
the motion is 204, where A is the modulus of the eigenvalue. The motion
is sketched in Fig. 10.2.

e

Fig. 10.2. Motion of coherent state. The Gaussian wave packet undergoes har-
monic motion with unchanged shape.
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Comments

(1) The eigenfunction ¥(x, t) of the lowering operator a is known as a
coherent state. The operator a does not correspond to a physical
observable and is not Hermitian. Consequently its eigenvalues are in
general complex. A further consequence is that the eigenfunctions
corresponding to different eigenvalues z and u' are not orthogonal. As
can be seen from the problem any complex number is a possible
eigenvalue.

(2) Coherent states have important applications in quantum electronics
and quantum optics. The states u,,, the eigenfunctions of the Hamiltonian
for the harmonic oscillator, are useful for characterising states in
electrodynamical systems involving a small, fixed number, of photons,
but in the light beam of a laser, say, we are dealing with states in which
the number of photons is large and intrinsically uncertain. In such cases,
the coherent states y(x, t) provide a good description of the role played
by the photons in the wavelike properties of the radiation field of the
laser. For further discussion of coherent states and their physical
interpretation, see Schubert and Wilhelmi (1986) and Glauber (1963).

10.5 (a) The state y; may be written as the product function
X =oaa... afa... oo - (1)
i— 12 J N

Writing the scalar product in 6;-@;,, in terms of the x, y, z components
we have

06;°0;4) = OyOiy1x t+ 0y0iy1y + 0,041, (2)

0;-a,,, operates only on the states in (1) corresponding to the i and i + 1
ions. It treats the other states in the product as constants.
If j does not equal i or i + 1, we have, using the results in (5.3.6),

(040is1x + OyOipy,y + 0,0 )aa = B — B+ ca = aw, (3)
where each aa or B refers to the i and i + 1 ions. Thus
0" 01X = Xj 4)
If j =i, we have.

(Uixai+'1,x + Ur‘_yaiﬂ',y + -aizoi+1_._z)ﬁa = a’ﬂ + aﬁ - ﬁa' (5)
Thus
00 1% = 2% — Xi» (6)
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If j=i+1, we have
(0 Ois1e + 03041, + 0,00 )af = Ba + Ba — af. (7)
Thus
0;°0; 1 Xiv1 = 2X; — Xis1- (_.8)
Note that a subscript N + 1 is to be interpreted as 1.

(b) Consider (E?Llai,-aiJrl)x,,. There are N — 2 terms in the sum where
neither i nor i + 1 is equal to n. Each of these terms is equal to yx,. The
other two terms are given by (6) and (8). Thus

N
(Eai‘q}?l)%n = Ny, + 2(%:1—1 + Xn+1 — '2Xn-).> (9)
i=1
whence
» N N
HX = “%J(Eﬂi'd',--+1) 2 CnXn
i=1 n=1
N N
= ‘%]NZ CpXn + JZ C-n(zxn — Xn-1— Xn+1)
n=1 n=1
N.
n=1

Equate terms in y,, and put E, = —3JN. This gives

(E - EO.)Cn = J(2Cn = Chyy — Cr—-1)- (11)
(o) If '

& = 7y 30 Giana), (12)
then

Cps1 = €Xp(iga)c,, and ¢, = exp(—iga)c,. (13)
Inserting these relations in (11) we obtain

E — Eq =2J(1 — cos qa). (14)
Comments

(1) It is readily shown that E, is the energy of the ground state y,, in
which all the ions are in the state «. From (4)

0;°0;1X0 = Xo- (15)
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The relation holds for all values of i. Therefore
N |
—-%J(Eo,-'mﬂ)xo = —~3JNxy = EoXo- (16)
i=1

(2) The magnetic excitation represented by the state y = Zc,x,, where
the ¢, are given by (12), is known as a spin wave. Putting E — E, = hw,
we have

how = 2J(1 — cos ga). (17)

The relation between @ and the wavenumber g is known as the dispersion
relation of the spin wave. It is plotted in Fig. 10,3. For ga <1,
hw— Jq*a®. The quadratic dependence of w on g, at low q, is a general
result for a spin wave. It is to be contrasted with the linear dependence
for phonons.

ho

I
|
|
I
[
[
!
I
i
|
i
|
n

0
ga

Fig. 10.3. Spin-wave dispersion relation.

The energy of the ground state is of the order of —JN, whereas the
energy of the spin-wave excitation above the ground state is of the order
of J. So for large N, which is normally the case in a physical system, a
spin wave has relatively low energy.

(3) If there were no interactions between the ions, a state such as x;, in
which the spin of the jth ion is reversed, would be a stationary state. If
there is an interaction, this is not so. When a single spin is reversed,. the
interaction tends to reverse the spin of a neighbour, with the first ion
going back to the unreversed state. So the spin wave can be imagined as a
wave representing the probability of a reversed spin, moving through the
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lattice of ions with phase velocity w/q, where q is the wave-number of the
wave, and w is given by (17).

(4) The values of g do not extend indefinitely, because two values g
and q', such that g'a = qa + 2mn’, where n’' is an integer; give the same
value of ¢, at the site of the nth ion. This follows from the result

exp (ig'na) = exp (igna) exp (2minn’') = exp (igna) (18)

for all values of #n. We normally select g to have the smallest range of
values, i.e. to lie in the range —m/a < g < m/a, which is the one-dimen-
sional counterpart of the 1st Brillouin zone.

The fact that we have a ring of ions means that the values of g are
discrete. The spin wave must have an integral number n” of wavelengths
round the ring. So

- 2 — 2mn”
g A Na

(19)

Since the range of g is 27/a, there are N values for n”, i.e. there are N
independent spin waves. This is to be expected as there are N ions in the
ring with N independent spin states.

We have chosen a ring of ions for the problem, rather than a linear
chain, in order to avoid complications with boundary conditions. In
practice, the effects at the ends of the chain are usually negligible,
Moreover, in the latter case it is conventional (if not very physical) to
impose the boundary condition that the spin waves are periodic in the
length of the chain, which is mathematically equivalent to the condition
for the ring.

10.6 (a) The matrix elements are given by

(1jv]1) = Ln (R(NY1)*Vix,y,2)R(r)Y;, dr, (1)
space

and so on. (The two 1s in (1|V|1) refer to the m values of the spherical
harmonics.) Due to the form of the function V, it is convenient to express
the spherical harmonics Yy;, Y4, Y;_, in terms of Cartesian coordinates

x =rsinfcos¢, y=rsinfsing, z=rcosb. (2)
From Table 4.1, the spherical harmonics for { = 1 are

Yy, = —(3/8m)2(x +iy)/r, Yy = (3/4m)z/r,

Y1y = 38mV(x —iy)/r. 3)
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So
N R(r) 2 3 _ ¢ 21 4
(AIVIL) = n| Gu{Ax® + By’ = (A + Bz} dr, (4
all
space.
where y, is a constant, and
Gy = (x + iy)*(x + iy) = x* + y2. (5)
Now

(x* + y?){Ax* + By? — (A + B)z%)
] A(.x.4 + x_2y2' __ x2Z2 _ yzzz)
+ B(y.“ + xty? - x2g% - _y_-g.zz). ©

If f(r) is a function that depends only on the magnitude of r, then

[f(rxtde = [f(r)ytr, ™

because the integration is taken over all space, and the integrands differ
only in their x, y labelling. Similarly

[#(Dxyrde = [f(r)yiean = [ f(r)aiaan. ®)
The results in (4) to (8) show that the matrix element has the form
(1[v[1) = v(4 + B), ©

where v is a constant.
Now consider (1|V| —1). It is the same as the expression for {(1|V|1)
in (4), but with G, replaced by

Gio1 = —(x + iy)*(x — iy) = —x% + y? + 2ixy (10)

— see (3). The term in xy gives zero contribution to the integral, because
the overall integrand for the term is an odd function of x and of y, which
gives zero when integrated over all space. From the previous reasoning

(1lv|-1) = —y(A - B). (11)
Similarly:

(-1|V[1) = —~v(A - B), (12)

(=1]V|-1) = y(A + B). (13)

The expression for (0|V|0) is the same as (4) with Gy; replaced by
Guo = 272, Thus

(0|V]0) = —=2y(A + B). (14)
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The matrix elements between the 1 = 0 and the m = +1 states are zero,
because the integrands consist of terms which are odd functions of x, y,
z. The mattix is symmetric, and is thus given by

A+ B 0 ~A+B |
y 0 ~2(A + B) 0 : (15)
-A+ B 0 A+ B

(b) To calculate the matrix of V on the basis of the states M; =3/2, 1/2,
~1/2, —3/2 we need the results in the second part of Table 5.1, p. 96. In
calculating the matrix elements of V' we use the fact that V is a function
of space coordinates, and not of spin. Since

(alB) = (Bla) =0, (16)

we need consider only terms in which the two spin functions are the same.
For such terms

(o) = (BB) = 1. (17)
Thus

(B2V[3/2) = (1a|V|1a) = (1|VI1) = ¥(4 + B), (18)

(3/2lV[12) = V¥1a|V|0a) + V3(1a|V|18) = 0. (19)

The first term on the right-hand side of (19) is zero because (1|V]0) =0,
and the second term is zero. because the two spin functions are different.
Continuing in the same way, with the results in (15) and Table 5.1, we
obtain the required matrix

a 0 | b 0
0 —-a’ 0 b
b 0 —a 0}’ (20)
0 b 0 a

where a = y(A + B), and b = y(B — A)/\/3.

(c) The four M, states are degenerate for the free ion. Hence the
first-order change in the energy of the ground state is given by the
eigenfunctions of the matrix in (20), and the eigenstates are the
corresponding eigenvectors. The calculation is most easily done if the
order of the basis states is changed from M, =3/2, 12, —1/2, ~3/2 to
M;=3/2, —1/2, —3/2, 1/2. The matrix then becomes

a b 0 0
b —-a 0 0 | -
0 0 a b | (21)
0 0 b ~a
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which separates into two 2 X 2 matrices. The eigenvalues A, and the
values of p and g for the eigenvectors p|3/2) + q|—1/2), of the first
matrix, are given by the equations

HEAHREH! @

with solutions

A= +1y/(a* + b?), ;; = ’L: q (23)

If we define 6 by tan6 = b/a, we have, for the eigenvalue A =
+‘\/(a2 + bz)a

P _V@+b)+a_ 1+cosb _ cos(6/2)

p b snf  sm(6f2) (24)
The normalisation condition, p? + g® = 1, then gives
p =cos(6/2), q =sin(6/2). (25)

The eigenvector for the eigenvalue A= —1\/(a®+ b?) is most readily
obtained from the orthogonality condition. Thus

p =sin(8/2), q = —cos(6/2). | (26)

The other 2 X 2 matrix is identical, so it has the same pair of
eigenvalues, and the same pair of values for p and g, which give the
eigenvectors in terms of the states |[—3/2) and |1/2). The splitting caused
by the crystal field is shown in Fig. 10.4,

ey | / “ ~

2P3/2 ——— ____._Y_.—- (_('12.4-1)2)”2

A _

\ | /

Fig. 10.4. Splitting of a 2Py level due to an orthorhombic crystal field. The.
Jour-fold degenerate 2 Pyp level is split into two doubly-degenerate levels.
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Comments

(1) This problem illustrates how the electrostatic field of a crystal lattice
splits a degenerate energy level of a free ion. The effect is known as
crystal—-field splitting. The electrostatic potential has the symmetry of the
lattice. We have shown that the field for an orthorhombic lattice splits the.
four-fold degenerate energy of a free 2P-3/_2 ion into two doubly-degenerate
energy levels.

For a tetragonal lattice, A = B in the expression for V(r). Thus b =0
in (20). The unperturbed energy is again split into two doubly degenerate
levels, with energies A= *aq. Since b =0, 6 =0, So the eigenfunctions
are [3/2) and |—3/2) for A = a, and |1/2) and |-1/2) for A = ~a.

(2) At all points in space, other than the origin, the potential V(r)
must satisfy Laplace’s equation

2 ~2 2y,
I A i 4

Vv .
| x| Py 3z

=0, @7)

A potential with orthorhombic symmetry has the form

V(r) = Ax* + By? + Cz?, (28)
where A, B, C are constants. To satisfy (27) we must have

A+ B+ C=0, (29)

which accounts for the form of V(r) in the problem.
For a lattice with pubic symmetry, we have

A=B=C, (30)

which means, in view of (29), that A = B = C = 0. Therefore, in this
case, a cubic lattice would produce no splitting of the ground-state energy
of the free ion. The theory shows that, for an jon in a P state (L = 1),
even though the expression for V' may contain terms in higher powers of
x, ¥, Z, it remains true that there is no splitting. However, for higher
values of L, terms in x*, etc. in V(r) may give rise to splitting by the field
of a cubic lattice.

(3) There is a theorein due to Kramers which states that, for a system
with an odd number of electrons, then, whatever the symmetry of the
crystal field, at least a two-fold degeneracy will remain. In the present
problem the half-integral value of J shows that the number of electrons is
odd. So the result that the levels are doubly degenerate is in accordance
with Kramers’ theorem.
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10.7 (a) The operator corresponding to the z component of the
magnetic dipole moment of the proton is yp(h/2)az._ Therefore, the term
in the Hamiltonian due to the magnetic field B along z is

' h h
H(O) = _Yp”i'Boz = "_Ea)l,az' (1)
The term in the Hamiltonian due to the rotating field is
HWY = "‘Yp%B:(Ux cos wt ~— 0, sin wr)
_.h : -
= ~§—.w,(_ax cos wt — o, sin wt), (2)
(b) The eigenfunctions of H® are a and B, with energies
h _h
Ey= —'_'2—601., Eg= 'i‘wL (3)
Express the state function as
¥ = cyexp (iot/2)a + cpexp (—iw t/2)B, (4)

where ¢, and cg are time-varying coefficients. The time variation of y is
given by

3y _ 1, -
3 - i-hHill, 5)

where

H=H9+ HY = ——g{%az + w,(cos wt o, —sinwt 0,)}. (6)

The relations

oa=p8 o,a=ip, o0 = w,

o,fp=ca op=-ix, of=-F4, @)
give

Ha = ‘—g‘{“’L“ + w, exp (—iwt) B},
; | ®)

HB = —?{—a)L,B + o, exp (iwt) a}.
Substitute (4) in (5), using (8), and equate the coefficients of & and .
This gives

¢, = siw exp (igt)cy, 9)
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¢p = Y, exp (—igt)cy, (10)
where

(c) To obtain a differential equation for ¢z, we differentiate (10) with
respect to time, and eliminate c, and ¢, in the resulting expression by
means of (9) and (10). This gives

&5 +igég + jwicg =0, 12)
with solution
cg = expli{—q = V(q* + w7)}1/2]. (13)
The. géne._ral solution of (12) is
cp = exp (—igt/2)[ A exp {iV/(q* + w})t/2}
+ Bexp{—iV(q* + w})t/2}], (14)

where A and B are constants fixed by the initial conditions. These are
thatat t =0

ca=1, ¢g=0, ¢5=3%0w,. (15)

The last relation comes from (10) at ¢ = 0. These relations give

) o
A=~B= ., 16
| 2V(q + @) (6
whence
iy e e i) a0 .
= Tt aty S Tl sin (Vg + o2}, (17)
i.e.
w? 5
|cgl? = q—z:—wf'sin2 {(V(g® + w;)t/2}. (18)

(d) Eq. (10) is exact. It gives the value of ¢gz at time ¢ in terms of the
value of ¢, at time ¢. In first-order perturbation theory, ¢, is put equal to
1, its value at ¢ = 0. The equation becomes

¢p = si, exp (—igt), (19)
with solution
cp = ——;—g—{exp(—iqt) — 1}, (20)

whence
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, W . ,qt
|cgl? = ~q—£sm2%. (21)

Comparing this with the exact expression in (18), we see it is a good
approximation, provided g > w,. This is to be expected, because, if
g >» o, then cg << 1, which means (since ¢+ c,23= 1) that c, is only
slightly smaller than 1. Therefore, replacing it by 1 in (10) is a good
approximation.

Comments

(1) The phenomenon of spin reversal brought about by an oscillating
magnetic field is known as magnetic resonance. For a fixed value of w,
|c4|* oscillates with time, between zero and
2 2
w; w
M= — . == r Ty (22)
(@*+ o)  {(0= o) + ;)

M is plotted as a function of w in Fig. 10.5. It has a maximum when

W= W, (23)
and drops to half its maximum value when
w— w, = o, (24)

i.e. the half-width of the ciirve at half-height i w,. From (3) the
resonance condition in (23) is equivalent to

ha = Eﬁ - E.a” (25)

Fig. 10.5. Magnetic resonance - the probability |cgl* of a spin transition due to a
rotating magnetic field B, varies sinusoidally with time. The diagram shows the
maximum value M of |cg|? as a function of the angular frequency of B,.
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The relative width of the resonance function in Fig. 10.5 is

w, _ B

o B’
So the smaller the amplitude of the rotating field B, compared to the
value of the static magnetic field along z, the sharper the resonance. The
time variation of |c ﬁ\z is very rapid and is usually not observed So the sin’
term in (18) may be replaced by its time-averaged value of 3.

(2) If the initial state is 3, i.e. the condition at t =0is ¢, =0, ¢z =1,
the calculation is the same, and the expression for |c,|? is identical to
(18). This is an example of the principle of detailed balancing — p. 173,

(3) The principle of magnetic resonance has many applications, for
example, it provides the most accurate method of measuring a static
magnetic field. A system of protons, such as a small sample of water, is
placed in the region where the magnetic field B is to be determined. A
coil, through which a radio-frequency current may be passed, is placed
round the sample, and the frequency w of the current through the coil is
varied until the resonance condition is detected. If there were exactly
equal numbers of protons in the states « and 8, there would be no effect,
even at resonance. This is because, by the principle of detailed balancing,
there would be equal numbers of transitions « — 3, and — «. How-
ever, in the presence of B, the protons in the state o have lower energy
than those in state f. Therefore the Boltzmann factor results in the
number of protons in state « being slightly larger than those in state f3.
The number of transitions per unit time is equal to the product of the
number of particles in the initial state and the probability of a transition.
So the number of transitions o — 8 exceeds that for the reverse direction,
and energy flows from the radio-frequency generator into the proton
system, a condition which may be detected.

The value of w at resonance gives the value of B from the relation

(26)

W=, = ¥,B. (27)

To convert the frequency into a value of B, we need only the value of y,,
which is known with a fractional error of about 3 X 1077, The method
provides a direct and accurate method of determining B,

(4) Another use of magnetic resonance is to change the spin of a beam
of polarised neutrons. The neutrons pass through a device with a static
magnetic field either parallel or antiparallel to the direction of the spin,
and a rotating field in a perpendicular direction. In this case it is the
time-varying form of |cg|?> in (18) that is relevant. The time that the
neutrons spend in the magnetic field region is known from their velocity
and the geometry of the device. The value of the rotating field B, is
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adjusted so that the sine term in (18) is unity. Thus, at resonance,
|cg> =1 (or would be if all the experimental conditions were perfect).
The device is known as a radio-frequency spin flipper.

(5) In practice, the oscillatory magnetic field in magnetic resonance
does not rotate, but remains in a fixed direction in the xy plane.
However, this is equivalent to two fields rotating in opposite directions in
the plane. The one rotating from y to x (I in Fig. 10.6) is the one we have
defined in the problem. When w = @y, it is this one that brings about
transitions for protons. The other field has negative @ and brings about
negligible transitions.

m( .
1

Fig. 10.6. An oscillating magnetic field along x is equivalent to the rotating
magnetic fields 1 plus 1I.

We can obtain a physical picture of the quantum mechanical results. In
the absence of the oscillatory field in the xy plane, the proton remains in
the state & or . The picture for the state « is shown in Fig. 10.7(a). The
spin angular momentum vector is at an angle to the z axis, reflecting the
fact that the z-component is #/2, which is less than V/(3/4)A, the
magnitude of the vector. The field B produces a couple G = p X B, where
p is the magnetic dipole moment of the proton. Because the proton has
angular momentum in the same direction as g, the spin vector precesses
in the direction shown in the figure. The angular frequency of the
rotation, given by equating the couple to the rate of change of angular
momentum, is w. The effect of a rotating magnetic field in the xy plane
is to give the proton spin an additional motion, namely, precession about
the instantaneous direction of the field. We may interpret this as a
probability of bringing about a transition to the state 8. This probability
will remain small unless the oscillatory field has the same frequency as the
original precessional motion, and rotates in the same sense. This explains
why it is field I, and not II, in Fig. 10.6 that brings about transitions. You
can vetify that a proton in the state 8 precesses about B in the same sense
as o, so the field I also brings about transitions from S to «.
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(a) ®)

Fig. 10.7. Precession of spin angular momenturn vector S in magnetic field B for
(a) positive and (b) negative gyromagnetic ratio.

For the electron and the neutron, the magnetic dipole moment is in the
opposite direction to the spin, i.e. the gyromagnetic ratio is negative. For
these particles, the sense of the precessional motion is opposite to that of
the proton — Fig. 10.7(b) ~ and it is the rotating field II that brings about
transitions.

10.8 (a) The neutron beams and spin directions for zero magnetic field
are shown in Fig. 10,8. The calculation of the effect of the magnetic field
is the same as that in Problem 8.1 with the x and z axes interchanged.
Since the magnetic field is along the x direction, we express the spin wave
function in terms of the eigenfunctions of g, which are

(@ + B)/V2, (= BV2, 1)
with corresponding eigenvalues

]

y L — —

Fig. 10.8. Beams and spin directions in neutron interferometer for zero magnetic
field at P, The x axis is perpendicular to the plane of the diagram.

L Q
>>< T
\
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At t = 0, when the neutrons enter the magnetic field, the spin direction is
along +z, and the wave function is

a'+[)’1 af—ﬁl

Thus |
w(0) = 2L exp (ion) + £ L exp o) @)
= (cos wt — ifsin wt, (5)
where
hw = u,B. (6)
When t = 7h/2u, B,
ot = %, and  Y(t) = —ip. (7)

Since there is no component of « in the state (t), the spin of the beam
leaving the magnetic field is along —z. See Fig. 10.9(a).

(b) The wave function is expressed in terms of (« +iB)/V/2 and
(o —iB)/V/2, the eigenfunctions of o,. By the same reasoning as above
we obtain

w(t) = £ L exp (—ion) + £ exp (i) ®)
= @cos wt + Bsinwt. )]
When ot = m/2, y(t) = B. So the spin is again reversed. See Fig. 10.9(b).
/"'—' A / A
o o
z.
~iB)N2
, ‘i—> y i (e+B)N2 -3
B | m '
[ -ip I A
I |
| |
Y Y
(a) (®)

Fig. 10.9. (a) B along x causes the spin in beam 1, initially along +z, to rotate as
shown in the yz plane into the -z direction. The spin direction of the combination
beamn 111 is in the —y direction. (b) B along y causes the spin to rotate in the xz
plane into the —z direction, but the spin of beam 111 is in the +x direction. The spin
wave function is given beside the spin direction.
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Although the spin is reversed in each case, the spin wave functions are
—iff when the magnetic field is along x, and 8 when the magnetic field is
along y, i.e. there is a phase difference between the two wave functions.
The state for the second beam, which does not pass through the magnetic
field, is o in both cases. The two beams are finally combined coherently,
so the wave function W of the combined beam III ~ Fig. 10.8 - is, apart
from the normalisation factor, simply the sum of the wave functions. of
the two component beams. Thus

W= (a ~iBf)/V2, B along x, (10)
¥ = («+ f)/V2, Balongy. (11)

We see that the first W represents a state with the spin pointing along the
-y direct-ion,__ and the second a state with the spin pointing along +x.
These results are illustrated in Fig. 10.9. It may seem strange that
although the final direction of the spin is the same whether the magnetic
field is along x or along y, the spin state function is different in the two
cases. This is a purely quantum mechanical result with no classical
counterpart. But we can see from the figure that the results are physically
consistent in that, whatever the direction of the field B in the xy plane,
the three directions given by the spin of the combined beam, the magnetic
field, and the z axis, form a right-handed set of axes. In other words, the
phase factor in the spin wave function of beam I after it has traversed the
magnetic field contains the information of the direction of the field which
rotated the spin. This information is expressed physically by the spin
direction of the coherently combined final beam III. Notice that, if the
beams I and II are not combined, no measurement on beam I can reveal
the phase factor of the spin function, i.e. tell us the direction of the
magnetic field. An experimental demonstration of the coherent combina-
tion of two neutron beams has been given by Summhammer et al. (1983).

(c) When t = wh/u, B, then wt = 7, and (5) becomes
Y1) = —a, (12)

i.e. the spin has rotated through 27 and points along the initial direction
+z, but the sign of the state function is reversed. This again is a purely
guantum mechanical result, and is generally true for a particle of
half-integral spin.

When t = 2mh/u, B, then wt = 27, and (5) becomes

W) = «, (13)

i.e, it requires a spin rotation of 47 to bring the particle back to its
original state function, including the sign. As in the previous section we
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cannot detect the change in sign following a 27 rotation by any
experiment on beam I alone. But the change in sign is revealed by
measuring the intensity of the combined beam III. For the 27 rotation;
the two beams are out of phase and the intensity of beam III is (ideally)
zero, whereas, for the 47 rotation, the two beams are in phase, and beam
III has maximum intensity.

Some results by Rauch et al. (1975) are shown in Fig. 10.10, where the
counting rate in beam III is plotted against the current in the coil
producing the magnetic field B. The distance between the maxima agrees
with the calculated change in the current for a 4« rotation of the spin.

F————— 4a calculated

2500

2000

neutron counts/min—!

1500
1 - L [ ) |
0 20 40 60 80
current/mA

Fig. 10.10. Neutron interferometer results of Rauch et al. (1975). The intensity. of
beam 111 is plotted against the current in the coil producing the magnetic field B.
The results show that a 2r rotation of the neutron spin causes the wave function to
change sign, and a 41 rotation is required to bring the wave function back to its
original value.

Comment

You may wonder what happens to the neutrons when the intensity, i.e.
the number of neutrons, in beam III drops. The answer is that they go
into beam IV — Fig. 10.8. To see how this comes about, we first note that,
when a beam of neutrons undergoes partial Bragg reflection, the reflected
beam is retarded in phase by m/2 with respect to the emerging
non-reflected beam. (Bragg reflection arises from interference between
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scattered neutron waves, and the 7/2 phase difference comes from
summing all the scattered amplitudes in a phase—amplitude diagram.) If
in Fig. 10.8 you follow the two beams that are combined to give beam III,
you will see that each one is reflected twice — beam I at plates b and c,
beam II at plates a and b. On the other hand, one of the components of
beam IV undergoes one reflection, and the other one undergoes three
reflections. Therefore, if the path lengths are equal, and there is no spin
precession, the two components of III are in phase, while those of IV are
out of phase. Any phase change now introduced affects the separate
intensities of beams III and IV, but the sum of the two remains constant.

10.9 (a) The operator for resultant spin of the nucleus-neutron system
18

T=J+8§. : (1)
The three operators are vectors. Thus
T2= 7>+ 8§ +27-8. (2)
If 9 is an eigenfunction of the operators T2, 72, 82, with respective
eigenvalues T(T + 1), J(J + 1), S(S + 1), we have
8y =4I -7 - Sy
=3{T(T + 1) — J(J + 1) = S(S + D)} y. (3)

For the neutron § = 3; the values of T are J + 1. So the eigenvalues of
J-§ are

HT(T +1) - JJ +1) = S(S + 1)
J T=1J7+3, 4)
=—3(J+1) T=J-3 (5)

DIt

(b) If |+) is an eigenfunction of b with eigenvalue b*, we have, using the
result of (4),

Bl+) = (A + BI-S)|+) = (A + IB)|+) = b*|+). (6)
Thus

A +3IB =b*. (7)
Similarly

A-3J+1D)B=0b", (8)
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whence

A= {(J + )bt + Ib7}/2] + 1),

B = 2(b* — b7)/(2] + 1). (9)
(c) For the proton J = 3. So

A=43b*+b7), B=bt-b". (10)

When a neutron is scattered by a hydrogen molecule, each proton is the
centre of a spherically symmetric scattered wave. If the wavelength of the
neutrons is long compared to the distance between the two protons in the
molecule, the two scattered waves are in phase, and the scattering length
operator for the.molecule is the sum of the scattering length operators for
the two protons, i.e.

Dot = 2A + B - S, (11)

where 77 is the operator for the total spin of the protons in the molecule.

Its eigenvalues are 1 for an ortho, and 0 for a para molecule. From (3),

the eigenvalue of -8 is J[T(T + 1) — A(J + 1) — S(S + 1)], where T is

now the total spin of the system of a neutron plus two protons.

p For an ortho molecule, 77 =1, and T = 2 or 3. Thus the eigenvalues of
‘S are

HT(T+ ) -J@F+1)—-SS+1)}=3 T=
-1 T =

3
23
1

3 (12)

When the neutron is scattered by the ortho molecule, scattering occurs
from all the states with the two T values. The degeneracy of each value is
2T +1,ie.4for T = %, and 2 for T = % The eigenvalues of ﬁS\ have to
be weighted by these degeneracies. Thus the average eigenvalue of Q S is

(3-8) = {4xh-@x1)6=0 (13)
We shall also need the average eigenvalue of (7-S )?, which is
(P8 ={(@dx3)+@2xD}f6=4. (14)

We bring these results together. The measured differential scattering
cross-section is the average eigenvalue of (bp)*. For an ortho molecule,
this is

{(bmo)”) = {24 + BF-S)?)
= 4A? + 4AB(3-§) + B((3-8)?)
=13b* + b + 4b* - bR (15)
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For the para molecule, 7/ = 0. So
(b)) = 4A? = (3" + b7, (16)

The total scattering cross-section o, is obtained by multiplying the
differential scattering cross-section by 47. We also insert the fact that the
bound scattering lengths b* and b, refer to a fixed proton. For protons
in a hydrogen molecule the scattering length is § times the bound
scattering length. Therefore

= LT (B, (17)

which, together with (15) and (16), gives the required results.

Comments

(1) The result in (13), that the average eigenvalue of ﬁ§ is zero, reflects
the fact that there is no correlation between the spin of the neutron and
the spins of the protons. Only if the spins of both the neutrons and the
protons were aligned could there be such a correlation. In which case the
weighting factors would be different from those in (13), and (Z-S) would
not, in general, be zero.

(2) The scattering lengths, b and b7, relate to a bound nucleus, as in
a solid, and are sometimes known as bound scattering lengths. If the
nucleus is not bound, the scattering must be treated in the centre-of-mass
system. The result is the same as if the nucleus were fixed, but the mass
m, of the neutron must be replaced by the reduced mass u of the
neutron—molecule system, The effect of this on the scattering length can
be seen from the results of Problem 9.8, where it is shown that the
potential V(r) for the scattering of neutrons by a nucleus can be
expressed as

2p
V(r) = 2mh*b

-8(r). (18)

The potential is the same whether the nucleus is fixed or not. So we have
the result that the scattering length b,,, for the proton in the hydrogen
molecule is related to the bound scattering length b, by

b mol b

= . 19)
L om (19)
The mass m,,, of the molecule is approximately 2m,. So the relation
1 1 1 3 .
U Mol my 2r’V’n ( )
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gives
bm_ol = %b' (21)
10.10 (a) The Hamiltonian is
o L. 1

=omP = T (1)

So the Schrodinger equation Hy= Egyis

2, _
gx—-lf + k=0, (2)
where
2mE ,
k2 = ﬁz 0 . (3)

The solution is
Y = cexp (tikx), (4)
where c is a constant. Since x and x + 27a are the same point, i must be
the same at the two values of x. Therefore
=y (5)

a

where » is zero or a positive integer. The constant ¢ is fixed by the
normalisation condition

jo 2M|1p|2 dx = 2mac? = 1. (6)
From (3) and (5)

Ey= 2"::2‘ (7)
(b) The magnetic dipole moment is

p = (area of orbit) X current = * zra:-e , (8)

where t is the period of revolution. If v is the velocity of the particle,
then

v _ p _ hk _ nh 9)

2ma  2mam 2mam  2matm

1.
T
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Thus
neh
+
p=to (10)
(c) Stokes’ theorem, together with the relation B.= curl A, gives
éAdlszdS, (11)

where dl is an element of length along the orbit, and dS is an element of
area in the surface enclosed by the orbit — Fig. 10.11(a). Since A is
tangential to the orbit and of constant magnitude round it, the value of
the line integral is 2maA . The field B is perpendicular to the surface of the
orbit and is uniform. So the value of the surface integral is ma’B.

Equating the two values gives

B B u daB
.A +é i
(@) (b) (c)

Fig.10.11. (a) Relation between magnetic field B and vector potential A.
(b) Motion of charge +e for the state ., and the magnetic dipole moment u
resulting from the motion: (¢) An increase dB in the magnetic field in time dt
produces an electric field & in the direction shown.

(d) The Hamiltonian is

g Lpeny= L(rd _ 4V
H =750~ ed) “m(“;a A) (13)
The Schrédinger equation is
n d*y iehA dy A?
2m dx? * m dx T 2m v=Ey. (14)

The function
Y = exp (¢gx) (15)

is a solution of (14), if g satisfies
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2.2 i 2 42
_h°q +1ei‘qu + e“A

2m m om E=0, (16)
i.e.
g%+ 2uq + w =0, (17)
where
u=-14 - (18)
2mE  e*A? |
W= g = = Kk — 2, (19)
2mE
k? = oo (20)
From (17) to (19)
g=-ux VU -w)=i(jzxk), (21)

Ignoring the normalising constant outside the exponential term, we
have two solutions

V() = exp (i + K)x}, wo(x) =expli(j - k)x}.  (22)

These functions look different from those in (4) and (5). However, we
have the condition that

Y (x) = Pu(x + 27a), - (23)
which leads to

i+‘k=—z~ for v, j-k=—% for y_. (24)

Inserting these values in (22) gives the same functions as (4) with (5).
However, the values of k, and hence, from (20), those of the energy, are
different.

For o,

o_n . _W{(n . 2

ki = - E, = m(; ]) : (25)
For y_

- n _w(n N o
Thus

E.=Ey+ E, + E, (27)
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where
_ nhij H i
=F , E,= :
E, ma 2 2m

(28)

(e) From the relations #j = eA, and A = aB/2, we have, for the state
Yy,
nh?j __neh

E, na T U (29)

from (10). Thus E; corresponds to the energy of interaction between the
previously existing magnetic dipole and the applied field B, i.e. to the
paramagnetic energy. The directions of g and B are the same - Fig.
10.11(b) - so E, = —wB is a negative quantity. For the state y_, the
particle rotates in the opposite sense, u is in the opposite direction, and
E| is positive.
The expression for E; is
H2 j2 &2 A2 eZ a? B2

P = = i .
R (30)

The diamagnetic effect is the interaction of the change in the magnetic
dipole moment produced by the applied magnetic field with the magnetic
field itself, We calculate the interaction energy classically by considering
the field gradually increasing from zero to its final value, which for the
moment we denote by B,. At some intermediate time an increase dB in
time dt produces an electric field & acting round the orbit, whose
magnitude is given by Faraday’s law of induction, i.e.

2dB _ 5 0
ma = 2mad. (31)

The direction of & is shown in Fig. 10.11(c). If the particle is in state v,
and has velocity v, the electric field causes a change in the momentum

mdy = —Ledt = —%“ dB. (32)

From (8) and (9) the magnetic dipole moment of the particle is

male _ eav
= = _ 33
T 2 (33)
So the change in momentum in (32) gives a change in y of
2.2 )
du=2dp=-52dB. (34)
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The total energy change as B is increased from 0 to By is

- Bo e?q? (B ¢2a’ Bl
- _ e B= _

. (35)

Dropping the subscript in B, we see that E, = E4,. The expression for
E, does not contain the Planck constant, and again the quantum and
classical results agree,

Comments

(1) This problem illustrates the modification of the relation between
wavelength and momentum caused by a magnetic field. The basic relation
(in one-dimension) is

p=mv + eA. (36)

p is known as the canonical momentum, and its operator is (#/i) (d/dx).
The quantity mov is the ordinary or mechanical momentum, and its
operator is (#/i) (d/dx) — eA.

The de Broglie relation is

a=n 37)

p
p does not depend on A. So the application of a magnetic field does not
change the wavelength of a particle. On the other hand, the field does
change the velocity of the particle, and hence its kinetic energy. The
Hamiltonian depends on A according to (13). This is for a simple
one-dimensional problem with constant A. In a three-dimension prob-
lem, p becomes the three-dimensional operator

) = —?——(ex% + ey% + ez—%), (38)
where e,, e,, e, are unit vectors in the x, y, z directions, and A is, in
general, a function of position,

(2) Note that the sign of the diamagnetic energy E, is positive both for
¥, and for y_. We can see this from the physical picture. For y_, g and
B are in the same direction — Fig. 10.11(b). The magnitude of # decreases
as B is applied, so the potential energy of the dipole in the presence of B,
which is negative, becomes less negative, i.e. it increases. For y_, g and
B are in opposite directions. The electric field & acts in the same direction
as before, but it now accelerates the particle and increases the magnitude
of p. Therefore the potential energy of the dipole;, which is positive,
increases.
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The diamagnetic energy is also positive for a negatively charged
particle. This follows from the fact that e enters the expression for E, as
e’. You can reach the same conclusion.more lengthily by following
through the reasoning of the previous paragraph for a negative charge.
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a-particle emission 48.
a-particles, scattering of 185-6
absorption cross-section 180, 186, 188
ac Josephson effect 2, 178
angular momentum
addition of 77-80, 83
orbital 51-2
spin 75-7, 82—6
symmetry of states 129-30
terms in Hamiltonian 79-80, 83-6
annihilation operator 54, 208-9, 217
anomalous Zeeman effect 84-6, 108,
112
atomic number from «-particle
scattering 185-6, 193

black-body radiation, spectral
distribution 157, 174

Bohr magneton 1, 6

Bohr radius 1, 53

Boltzmann factor 135, 174

Born approximation 181, 185, 187

boson 128,140

bound scattering length 213, 2434

Bragg reflection 7, 212, 240-1

broadening of spectral line 175

canonical momentum 248

central field approximation 130-1

central force 53, 57, 185

Clebsch-Gordan coefficients 79, 83,
96

coherent state 224

collision broadening 175

continuity conditions for solutions of
Schrodinger equation 31

correspondence; principle 29

creation operator 54, 208-9, 217

cross-section

absorption 180, 186, 188

definitions 179-80

differential scattering 179-80,

185-6, 197

relation to transition rate 204-5
crystal-field splitting 210-11, 231
Curie’s law 153

o-function potential 35, 187
dc Josephson effect 178
de Broglie relation 7-8, 20, 248
de Broglie wave, phase and group
velocities 15,234
de Haas—van Alphen effect 221
Debye—Waller factor 219
degeneracy 32, 57, 133-5, 141
detailed balancing, principle of 173
diamagnetic energy 214
differential scattering
cross-section 179-80, 185-6, 197
Dirac notation 75
dispersion relation of spin wave 226
Doppler broadening 103, 175

Ehrenfest’s theorem 29
Einstein coefficients 156-7, 160
electric dipole moment 120-1
electric dipole transitions 156-7, 175
electric field

affect on energy levels 112-13,

120-1

time-varying 159
electronic configuration 131, 133-4
expectation value of observable 9-11

for spin 77

time variation of 12, 16
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Fermi golden rule 184, 204-5
fermion 128

spin rotation of 158, 212-13, 237-40
field emission 48
fine structure constant 1, 160
flux of particles 14-15, 33-4, 48-9
Fourier transform 11, 171

g factor 105, 135

Gaussian function 12-16, 207-9, 219
golden tule 184, 204-5

good quantum number 131

guide tube for thermal neutrons 203
gyromagnetic ratio 164, 211

Hamiltonian 10, 30-1
angular momentum terms in 79-80,
83-6
time-varying 155-6, 158-60
harmonic oscillator .54, 57, 112, 159,
207-9
Hermitian operator 9, 173, 205,
215-16
Hilbert space 76, 96-7
Hund’s rules 131, 134-5
hydrogen atom 2, 52-4, 57, 112-13,
123-4, 159
hyperfine structure 84-5
hydrogen molecule, ortho and
para 134-5, 158-9, 213

incoherent mixture of states 66--9,
82-3

independent-particle model 148-9

interferometer, neutron 212-13

Jj coupling 132
Jj multiplet 132
Josephson effects 2, 178

Kramers’ theorem 231

ladder operator 52, 54, 83, 208-9, 217
Lamb shift 123

Landau levels 221

Landé g factor 105, 135

Larmor frequency 164, 167

Legendre polynomials 181, 203

light, quantum theory of 176
Lorentzian 159, 172

LS coupling 131-2

LS multiplet 131, 153-4

y-meson atom 113
magnetic dipole moment 79-80, 84-6,
101-2,158, 211-13
of orbiting charge 5-6, 214
magnetic field
affect on energy levels 84-6, 108,
112
in Galaxy 103
magnetic resonance 211-12, 234-7
magnetic susceptibility 135
magnetic vector potential 208-9, 214
magneton
Bohr 1,6
nuclear 1, 6
matrices 74-5, 82, 93
momentum, canonical, mechanical 248
multielectron atoms 130-5

natural width of spectral line 175
neutrons

in shell model 134

see also thermal neutrons
nuclear magneton 1, 6
nucleus

finite size of 113

size by electron scattering 3

operator
annihilation, creation 54, 208-9, 217
commuting, non-commuting 10, 56
Hermitian 9, 173, 205, 215-16
ladder 52, 54, 83, 208-9, 217

ortho and parahydrogen 134-5, 158-9,

213
oscillator — see harmonic oscillator

7 meson, intrinsic parity of 133
pair production 2
paramagnetic energy 214
parity 31-3, 57, 133, 140, 199
partial waves, method of 181-4
s wave 183-4, 186-8
p wave 188




Paschen-Back effect 84-6, 108
Pauli spin
matrix 82, 90-1
operator 82, 90
pertarbation theory
time-dependent 155-6, 15960
time-independent 109-10, 112--13
physical constants, table of values 1
Planck distribution law of black-body
radiation 157, 174
postulates of quantum mechanics 9-12
praseodymium, magnetic susceptiblity
of ion 135
principle of detailed balancing 173
probability of result of
measurement 10-11
pure state 68

quantum electrodynamics 123, 174
quantum-mechanics, postulates

of 9-12
quantum theory of light 176
quenching 154 .

p® meson, decay of 133

radial functions for hydrogen atom for
low values of n 54

radio-frequency spin flipper 235-6

reduced mass 53, 243

reflection at potential step' 33-4

refractive index for thermal
neutrons 187

rotation .of spin of fermion 158,
212-13, 237-40 .

rotational states 134

Rutherford formula for a-particle
scattering 185-6, 192

scalar product of state vectors 76-7

scattering amplitude 180

scattering length 183-4, 187, 198, 200,
213, 2434

scattering of -particles 185-6

scattering vector 181

Schrodinger equation,
time-independent 30-1, 57, 180

Schwarz inequality 207

Index 253

second, definition of 2

shell model of nucleus 134

sodium D'lines 108

spectral line, natural width 175

spherical harmonics 51, 53, 68

expressions for low values of [ 52

spin angular momentum 75-7, 82-6

spin flipper 235-6

spin wave 209-10, 226

spin-orbit energy 84

splitting due to crystal field 210-11,
231

Stark effect 112-13, 120-1

state function 9-10

states, pure and incoherent mixture
of 66-9, 82-3

Stern—-Gerlach magnet 55-6, 82-3

Stokes’ theorem 245

superconducting tunnelling
junction 160-1 |

symmetry of state functions 128-30

thermal neutrons 7
diffraction of 3
guide tube 203
interferometer 212-13
refractive index 187
scattering by ortho and
parahydrogen 213
spin rotation 158, 212-13, 237-40
total external reflection 187, 203
time-dependent perturbation
theory 155-6, 159-60
time-independent perturbation
theory 109-10, 112-13
time-varying Hamiltonian 155-6,
158-60
top-hat wave function 14
transitions
electric dipole 156-7
spontaneous, stimulated 156-7, 160
transmission
at potential barrier 34-5
at potential step 33-4
tritium, decay of 57
tunnelling 48
between superconductors 2, 160-1
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uncertainty principle 20, 57, 71, 207, vector model 86, 105
216~17 virial theorem 64-5, 70

wave function— see state function
values of physical constants 1 ,
variational method 110-11, 113 Zeeman effect 84-6, 108, 112










